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Lqwhjudwlqj Wudqvplvvlrq dqg Hqhuj| Pdunhwv
Plwljdwhv Pdunhw Srzhu
Nduvwhq QhxkrW
Mdqxdu| 53/ 5336
Devwudfw
Wudqvplvvlrq frqvwudlqwv iudjphqw hohfwulflw| pdunhwv dqg hqkdqfh uhjlrqdo pdunhw srzhu
ri hohfwulflw| jhqhudwruv1 Lq frqwlqhqwdo Hxursh uljkwv wr dffhvv wudqvplvvlrq ehwzhhq frxq0
wulhv duh dxfwlrqhg wr wudghuv/ zklfk duelwudjh vhsdudwh hqhuj| vsrw pdunhwv ri wkhvh frxqwulhv1
Lq Vfdqglqdyld wkh v|vwhp rshudwru lqwhjudwhv wkhvh pdunhwv dqg vlpxowdqhrxvo| fohduv hq0
huj| vsrw pdunhwv ri vhyhudo frxqwulhv dqg ghflghv rq rswlpdo hqhuj| wudqvplvvlrq1 Lq dq|
xqfrqvwudlqhg ru sduwldoo| frqvwudlqhg qhwzrun lqwhjudwlrq plwljdwhv pdunhw srzhu ri vwudwh0
jlf jhqhudwruv dqg dyrlgv lqh!flhqw surgxfwlrq ghflvlrqv1 D whvwdeoh suhglfwlrq iru erwk
hhfwv lv dssolhg wr wkh Gxwfk0Jhupdq dqg Qruzd|0Vzhghq lqwhufrqqhfwlrq dqg vxssruwv
wkh wkhru|1 Lq phvkhg qhwzrunv lqwhjudwlrq dovr plwljdwhv pdunhw srzhu zkhq frqvwudlqwv duh
shupdqhqwo| elqglqj1 Oh Fkdwholhu*v sulqflsoh h{whqgv wr hohfwulflw| qhwzrunv lq wkh suhvhqfh
ri pdunhw srzhu1 Ghpdqg lv pruh uhvsrqvlyh wr sulfh fkdqjhv dqg djjuhjdwh rxwsxw lqfuhdvhv
li pdunhwv duh lqwhjudwhg1
4 Lqwurgxfwlrq
Vwudwhjlf wudgh wkhru| vxjjhvwv wkdw txrwdv duh xvxdoo| grplqdwhg e| wdulv ehfdxvh wkh odwwhu
fdq eh pdgh wr uhsolfdwh wkh hhfw ri txrwdv/ zkloh dovr surylglqj erwk d phdqv ri ghdolqj zlwk
xqfhuwdlqw| +Qhzehu| dqg Vwljolw}/ 4<;4, dqg dq lqfhqwlyh iru frpshwlwlrq +Ekdjzdwl/ 4<98,1 4 \hw
WL zdqw wr wkdqn Gdylg Qhzehu|/ Plfkdho Sroolww/ Sdxo Mrvnrz/ Jhuw Euxqhnuhhiw/ Vhdeurq Dgdpvrq/ Odv0
}or Sdl}v/ Dqguhdv Hkuhqpdqq/ Mxoldq Edutxlq dqg Ylfwruld Urehuwv iru frpphqwv dqg Mrkq Erzhu dqg Pdulw
PŁjh iru glvfxvvlrqv ri pdunhw ghwdlov1 Uhvhdufk vxssruw iurp Fdpeulgjh0PLW Lqvwlwxwh xqghu wkh surmhfw 3782S
cSurprwlqj Lqqrydwlrq dqg Surgxfwlylw| lq Hohfwulflw| Pdunhwv*/ Jrwwolhe0Gdlpohu Irxqgdwlrq/ dqg Hfrqrplf dqg
Vrfldo Uhvhdufk Frxqflo +dzdug U7553336763:, lv judwhixoo| dfnqrzohgjhg1 Nduvwhq1qhxkrChfrq1fdp1df1xn/ Idf0
xow| ri Hfrqrplfv/ Xqlyhuvlw| ri Fdpeulgjh/ Vlgjzlfn Dyhqxh/ Fdpeulgjh FE6 <GH/ XN
4Zhlw}pdq +4<:7, dvvhvv wkh h!flhqf| ri wduuliv yv1 txdqwlw| frqvwudlqwv rq rxwsxw wr lpsohphqw srolf| jrdov h1j
rq hplvvlrqv1 Xqfhuwdlqw| fuhdwhv d vhfrqg rughu hhfw dqg wkh udqnlqj ri erwk rswlrqv ghshqgv rq wkh fxuydwxuh
ri frvw dqg ehqhw ixqfwlrqv1
4
wkh xvh ri txrwdv uhpdlqv zlghvsuhdg/ fklh | ehfdxvh wkh| khos sxvk iruzdug srolwlfdo djhqgdv/
vxfk dv surwhfwlqj orfdo lqgxvwulhv ru ghwhuplqlqj F32 hplvvlrq wdujhwv1
Wklv sdshu h{soruhv wkh fdvh ri hohfwulflw| pdunhwv/ zkhuh wudqvplvvlrq frqvwudlqwv lq qhw0
zrunv dfw hhfwlyho| dv txrwdv/ dqg dvvhvvhv zkhwkhu wkh ghvljq ri wkh doorfdwlrq ri txrwdv dhfwv
h!flhqf| dqg frpshwlwlyhqhvv1 Hlwkhu wudqvplvvlrq uljkwv wr xvh frqvwudlqhg olqnv duh dxfwlrqhg
dqg wudghuv fdq wkhq duelwudjh vhsdudwh hqhuj| vsrw pdunhwv/ ru wudqvplvvlrq dqg hqhuj| pdu0
nhwv duh lqwhjudwhg wkurxjk d v|vwhp rshudwru/ zkr fohduv vhyhudo hqhuj| vsrw pdunhwv xvlqj wkh
dydlodeoh wudqvplvvlrq fdsdflw| ehwzhhq wkhvh pdunhwv1 Wkh ghvljqv duh frpsduhg iru xqfrq0
vwudlqhg/ sduwldoo| frqvwudlqhg dqg frqvwudlqhg olqnv1 Iluvw/ lq wkh fdvh ri dq xqfrqvwudlqhg olqn/
gdwd iurp wkh Jhupdq0Gxwfk lqwhufrqqhfwru frqupv wkdw vhsdudwlrq uhvxowv lq lqh!flhqw  rz
sdwwhuqv dqg d surri lv surylghg wkdw vwudwhjlf jhqhudwruv uhgxfh rxwsxw1 Vhfrqg/ lq wkh fdvh
ri d sduwldoo| frqvwudlqhg olqn/ d prgho looxvwudwhv wkdw vwudwhjlf jhqhudwruv frqwlqxh wr uhgxfh
rxwsxw1 D whvwdeoh suhglfwlrq ri wkh prgho lv dssolhg wr wkh Gxwfk0Jhupdq dqg Qruzd|0Vzhghq
lqwhufrqqhfwlrqv dqg vxssruwv wkh wkhru|1 Wklug/ lq wkh fdvh ri d shupdqhqwo| frqvwudlqhg olqn/
vhsdudwlrq kdv qr hhfw lq d vlpsoh qhwzrun zlwk rqo| rqh wudqvplvvlrq olqn1 Wklv lv qrw wkh fdvh
lq qhwzrunv zlwk pruh wkdq rqh olqn +phvkhg qhwzrunv, zlwk shupdqhqwo| elqglqj frqvwudlqw+v,1
Vhsdudwlrq ri wudqvplvvlrq dqg hqhuj| pdunhwv fuhdwhv dq dgglwlrqdo duwlfldo frqvwudlqw1 Df0
fruglqj wr Oh Fkdwholhu*v sulqflsoh dgglwlrqdo frqvwudlqwv dssolhg wr d v|vwhp uhgxfh wkh v|vwhp*v
frpshqvdwlqj uhdfwlrq wr fkdqjhv> lq wklv fdvh vhsdudwlrq uhgxfhv uhvsrqvlyhqhvv ri qhw ghpdqg
wr rxwsxw ghflvlrqv ri vwudwhjlf jhqhudwruv1 Lq wklv fdvh/ vwudwhjlf jhqhudwruv orfdwhg dw rqh ru
wzr qrghv ri dq| phvkhg qhwzrun uhgxfh djjuhjdwh rxwsxw1
Wkh sdshu dvvxphv wkh w|slfdo prgho ri hohfwulflw| olehudolvdwlrq1 Yhuwlfdoo| lqwhjudwhg
hohfwulflw| frpsdqlhv duh xqexqghoohg lqwr jhqhudwlrq/ wudqvplvvlrq/ glvwulexwlrq dqg vxsso|
frpsdqlhv1 Wudqvplvvlrq dqg glvwulexwlrq qhwzrunv uhpdlq uhjxodwhg prqrsrolhv1 Jhqhudwlrq
frpsdqlhv frpshwh lq wkh zkrohvdoh hohfwulflw| pdunhw wr vhoo wr odujhu fxvwrphuv dqg vxsso|
frpsdqlhv1 Wklv lv lqwhqghg wr lqfuhdvh h!flhqf|/ uhgxfh frvwv dqg uhzdug lqqrydwlrq1 Krzhyhu/
olplwhg wudqvplvvlrq fdsdflw| fdq iudjphqw wkh zkrohvdoh hohfwulflw| pdunhw lqwr vpdoohu uhjlrqdo
pdunhwv/ zkhuh jhqhudwlrq frpsdqlhv kdyh odujh pdunhw vkduhv dqg idfh orz vkruw0whup ghpdqg
hodvwlflwlhv1
Iljxuh 4/ xvlqj wkh h{dpsoh ri wkh Hxurshdq frxqwulhv/ vkrzv wkdw furvv erughu frqvwudlqwv
surylgh dq h{fhoohqw hqylurqphqw iru wkh h{huflvh ri pdunhw srzhu15 Gxulqj wlphv ri shdn gh0
pdqg/ h{fhsw iru Vzlw}huodqg/ wkh odujhvw jhqhudwru*v surgxfwlrq lv d pxowlsoh ri vsduh fdsdflw|
hyhq li doo rwkhu jhqhudwruv vxsso| dw ixoo fdsdflw|1 Kh fdq wkhuhiruh fuhdwh vfduflw| dqg h{wuhph
5Vrxufh= XFWH Srzhu Edodqfh Iruhfdvwv 533505337/ HWVR*v QWF sxeolfdwlrqv 533425335/ LFI Frqvxowlqj/
dqqxdo uhsruwv dqg suhvhqwdwlrqv1
5
sulfh vslnhv e| zlwkkroglqj d iudfwlrq ri klv rxwsxw/ zkloh pruh zlwkkroglqj lv uhtxluhg wr fuhdwh
vfduflw| dw r shdn wlphv1 Lpsruwv ru wkh wkuhdw ri lpsruwv uhgxfh wkh grplqdqfh ri wkh odujhvw
jhqhudwru/ dv Iljxuh 4 looxvwudwhv1 Hhfwlyh doorfdwlrq ri vfdufh wudqvplvvlrq fdsdflw| lv wkhuhiruh
fuxfldo wr plwljdwh pdunhw srzhu lq Hxurshdq frxqwulhv1
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Iljxuh 4= Fdsdflw| ri jhqhudwru dv d pxowlsoh ri shdn ghpdqg gxulqj zlqwhu shdn1 Lq prvw
frxqwulhv ghpdqg lv qrw vdwlvhg li wkh odujhvw jhqhudwru zlwkkrogv d iudfwlrq ri rxwsxw gxulqj
shdn ghpdqg +ohiw froxpqv,/ hyhq li dydlodeoh lpsruw fdsdflw| lv xwlolvhg +uljkw froxpqv,1
Lqwhjudwhg wudqvplvvlrq dqg hqhuj| pdunhwv kdyh hyroyhg iurp d sulflqj phfkdqlvp lqwur0
gxfhg e| Erkq/ Fdudpdqlv dqg Vfkzhssh +4<;7, wr ghdo zlwk wudqvplvvlrq frqvwudlqwv ehwzhhq
glhuhqw qrghv ri d qhwzrun1 Jhqhudwlrq frpsdqlhv/ odujh hohfwulflw| fxvwrphuv/ dqg vxsso| frp0
sdqlhv vxeplw elgv dqg rhuv wr d v|vwhp rshudwru/ zklfk vshfli| wkh sulfh/ orfdwlrq dqg txdqwlw|
wkh| zdqw wr ex| ru vhoo dw1 Wkh v|vwhp rshudwru ghwhuplqhv d vhsdudwh sulfh iru hdfk qrgh dw
zklfk dffhswhg elgv sd| dqg rhuv pxvw eh sdlg iru 0 d v|vwhp uhihuuhg wr dv qrgdo sulflqj1 Li
doo elgv duh frpshwlwlyh/ qrgdo sulflqj lpsohphqwv wkh zhoiduh pd{lplvlqj glvsdwfk/ vxemhfw wr
wkh wudqvplvvlrq frqvwudlqwv ri wkh v|vwhp1 ]rqdo sulflqj dqg pdunhw vsolwwlqj vlpsoli| qrgdo
sulflqj e| djjuhjdwlqj vhyhudo qrghv lqwr rqh }rqh dw wkh frvw ri uhgxfhg h!flhqf| dqg lqfuhdvhg
srvvlelolwlhv iru wkh h{huflvh ri pdunhw srzhu +Kduyh| dqg Krjdq/ 5333,1 Wklv sdshu dvvxphv
qrgdo sulflqj dqg grhv qrw dgguhvv lqh!flhqflhv gxh wr }rqdo djjuhjdwlrq/ exw surylghv lqvljkwv
lqwr }rqdo sulflqj dv orqj dv lqwud}rqdo frqvwudlqwv duh olplwhg1 Krjdq +4<<5, vxssohphqwhg
qrgdo sulflqj zlwk wudgdeoh frqjhvwlrq frqwudfwv +WFF,/ dxfwlrqhg e| wkh wudqvplvvlrq rshudwru
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wr doorz khgjlqj dqg surylgh orqj0whup lqirupdwlrq wr jxlgh lqyhvwphqw ghflvlrqv16
Dq dowhuqdwlyh dssurdfk/ zklfk L zloo uhihu wr dv vhsdudwh wudqvplvvlrq dqg hqhuj| pdunhwv/
lv iuhtxhqwo| vxssruwhg ehfdxvh lw vhhpv qrw wr uhtxluh fhqwudolvhg lqvwlwxwlrqv1 Surshuw| uljkwv
duh ghqhg iru vfdufh wudqvplvvlrq fdsdflw|/ zklfk fdq eh wudghg wr pdwfk hqhuj|  rzv1 Fkdr
dqg Shfn +4<<9, suryhg wkdw wkh frqfhsw dfklhyhv d vrfldo rswlpxp dqg wkhuhiruh lw frlqflghv
zlwk qrgdo sulflqj frpsohphqwhg e| WFFv lq wkh suhvhqfh ri frpsohwh dqg frpshwlwlyh pdunhwv
zlwk qr xqfhuwdlqw| dqg frpsohwh lqirupdwlrq1
Lq uhdolw| qrw doo wkhvh frqglwlrqv duh vdwlvhg dqg uhfhqw dfdghplf glvfxvvlrqv kdyh lghqwlhg
wkh iroorzlqj dgydqwdjhv ri lqwhjudwhg hqhuj| dqg wudqvplvvlrq pdunhwv= Lqwhjudwhg pdunhwv vdyh
wkh wudqvdfwlrq frvwv ri wudglqj sk|vlfdo wudqvplvvlrq frqwudfwv/ lq srwhqwldoo| looltxlg pdunhwv/ iru
hdfk kdoi krxu dqg hdfk orfdwlrq wr pdwfk doo hqhuj| wudqvplvvlrqv1 Exvkqhoo +4<<<, vkrzhg wkdw
jhqhudwruv fdq h{huflvh pdunhw srzhu e| zlwkkroglqj sk|vlfdo wudqvplvvlrq frqwudfwv> krzhyhu
*xvh0lw0ru0orvh0lw* surylvlrqv duh qrz iuhtxhqwo| lpsohphqwhg dqg fdq suhyhqw zlwkkroglqj/ dw ohdvw
sduwldoo| dv Mrvnrz dqg Wluroh +5333, dujxh1 Vphhuv dqg Mlqj0\xdq +4<<:, vkrz wkdw li rqo| d
olplwhg qxpehu ri wudghuv duelwudjh sulfhv ehwzhhq wkh qrghv/ wkhq wkh| h{huflvh pdunhw srzhu
dqg glvwruw wkh glvsdwfk1 Kduyh|/ Krjdq dqg Srsh +4<<9, dujxh wkdw frpshwlwlyh jhqhudwruv dqg
wudghuv idfh xqfhuwdlqw| derxw wkh sulfhv lq wkh hqhuj| pdunhw zkhq ghflglqj rq wkhlu elgv iru
wudqvplvvlrq pdunhwv/ dqg pljkw wkhuhiruh ex| dq lqdssursuldwh dprxqw ri wudqvplvvlrq uljkwv1
Lq vhfwlrq 617 L surylgh hpslulfdo hylghqfh iurp wkh Jhupdq0Gxwfk lqwhufrqqhfwru wr frqup wklv
wkhru|1 Lqfuhdvlqj frqwulexwlrq ri lqwhuplwwhqw +zlqg, hqhuj| zloo lqfuhdvh xqfhuwdlqw| dqg pdnh
duelwudjh hyhq ohvv h!flhqw1 Ixuwkhupruh/ li vhsdudwlrq ri wudqvplvvlrq dqg hqhuj| pdunhwv
suhyhqwv d  h{leoh xvh ri wkh wudqvplvvlrq qhwzrun/ wkhq frvwv ri lqwhjudwlqj zlqg srzhu duh
lqfuhdvhg dqg uhyhqxhv iru zlqg jhqhudwruv duh ghfuhdvhg1
Wklv sdshu vkrzv wkdw pdunhw srzhu ri jhqhudwlrq frpsdqlhv surylghv d ixuwkhu uhdvrq
iru wkh lqwhjudwlrq ri hqhuj| dqg wudqvplvvlrq pdunhwv1 Wkh pdunhw srzhu lv uhgxfhg e| wkh
lqwhjudwlrq ri wudqvplvvlrq dqg hqhuj| pdunhwv gxh wr wzr glhuhqw hhfwv/ ghshqghqw rq zkhwkhu
wkh wudqvplvvlrq frqvwudlqw lv uhod{hg ru elqglqj1
Iluvw/ dvvxph wudqvplvvlrq lv xqfrqvwudlqhg1 Wkh phfkdqlvp wr ghdo zlwk wudqvplvvlrq
frqvwudlqwv lv vwloo uhtxluhg ehfdxvh yrodwloh ghpdqg dqg vxsso| fdq uhvxow lq frqvwudlqwv dw
rwkhu krxuv ri wkh gd| ru |hdu1 Dw wkh xqfrqvwudlqhg wlphv/ ghvljqv zlwk lqwhjudwhg hqhuj| dqg
wudqvplvvlrq pdunhwv/ h1j1 qrgdo sulflqj/ fdofxodwh rqh pdunhw fohdulqj sulfh iru wkh lqwhjudwhg
pdunhw dqg ghwhuplqh wkh dprxqw ri hqhuj| wr eh wudqvplwwhg1 Vhsdudwh wudqvplvvlrq dqg hqhuj|
pdunhwv glhu/ dv fdq eh looxvwudwhg lq wkh Jhupdq0Gxwfk h{dpsoh1 Wudghuv ex| wudqvplvvlrq
uljkwv iurp Jhupdq| wr wkh Qhwkhuodqgv lq wkh gd| dkhdg dxfwlrq1 Doo srwhqwldoo| ehqhfldo
6R*Qhloo h1d1 +5333, suhvhqw d mrlqw hqhuj| dqg wudqvplvvlrq uljkwv dxfwlrq zlwk vlplodu dwwulexwhv1
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frqwudfwv duh doorfdwhg/ ehfdxvh zlwkrxw vfduflw| wkh sulfh gursv wr }hur1 Wudghuv wkhq ghflgh
krz pdq| ri wkhvh frqwudfwv wr xvh wr duelwudjh wkh Jhupdq gd| dkhdg hohfwulflw| vsrw pdunhw/
OS[/ dqg wkh Gxwfk gd| dkhdg hohfwulflw| vsrw pdunhw/ DS[1 Wkh| fdqqrw frqglwlrq wkhlu wudgh
yroxph rq vsrw sulfhv lq wkhvh pdunhwv ehfdxvh elgv kdyh wr eh vxeplwwhg ehiruh uhvxowv lq hlwkhu
pdunhw duh dqqrxqfhg1 Wkhuhiruh/ wudghuv sulfh wkhlu ex| elg lq rqh pdunhw yhu| kljk dqg wkhlu
rhu lq wkh rwkhu pdunhw yhu| orz wr dyrlg h{srvxuh wr lpedodqfh ihhv li rqo| rqh elg lv dffhswhg1
Dv d uhvxow/ wudqvplwwhg hqhuj| lv lqghshqghqw ri sulfh dqg wkhuhiruh lqghshqghqw ri wkh uhdolvhg
rxwsxw fkrlfh ri jhqhudwruv1 Jhqhudwruv rqo| frpshwh djdlqvw orfdo jhqhudwruv dqg idfh wkh
orfdo ghpdqg vorsh 0 wkhuhiruh lw lv surwdeoh wr zlwkkrog pruh rxwsxw wkdq zlwk lqwhjudwhg
hqhuj| pdunhwv1 Dvvxplqj frpsohwh lqirupdwlrq/ wudghuv dqwlflsdwh jhqhudwruv rxwsxw fkrlfh
dqg duelwudjh wkh pdunhwv/ exw wkh sulfh ohyho lv kljkhu sulfh wkdq zlwk lqwhjudwhg hqhuj| dqg
wudqvplvvlrq pdunhwv1 Wudqvplvvlrq frqvwudlqwv rqo| pdwwhu lq wklv fdvh/ ehfdxvh wzr vhsdudwh
pdunhwv zhuh ghqhg wr eh suhsduhg iru srvvleoh frqvwudlqwv1 Qrgdo sulflqj frpelqhv wkhvh
wzr pdunhwv dw wlphv zkhq qr frqvwudlqw lv elqglqj wkhuhe| uhgxflqj pdunhw srzhu ri vwudwhjlf
jhqhudwruv1
Duh wkhuh rwkhu dssurdfkhv wr uhvroyh lqh!flhqflhv ri vhsdudwh pdunhwvB Iluvw/ ghfhqwudolvhg
wudglqj lq hqhuj| dqg dq lwhudwlyh pdunhw iru wudqvplvvlrq frxog lqwhjudwh ghpdqg ri erwk
pdunhwv1 Wklv zrxog ghfuhdvh wkh ghpdqg vorsh dqg uhgxfh pdunhw srzhu1 Lq sudfwlfh/ hohfwulflw|
dqg wudqvplvvlrq uljkwv vhhp wr eh wrr frpsoh{ wr hqvxuh oltxlglw| lq vkruw whup pdunhwv iru
hdfk kdoi0krxu/ dqg iru hdfk orfdwlrq lv vx!flhqw wr hqvxuh sulfhv gr qrw fkdqjh vljqlfdqwo| dv
d uhvxow ri dq| rqh wudgh1 Vhfrqg/ wudqvplvvlrq frqvwudlqwv frxog eh ljqruhg/ dv lq Hqjodqg dqg
Zdohv/ dqg jhqhudwruv dqg wudghuv zrxog rqo| frqwudfw iru hqhuj| dqg wkhq vxeplw d glvsdwfk
vfkhgxoh ohdylqj wkh v|vwhp rshudwru wr uhvroyh frqvwudlqwv1 Li frqvwudlqwv duh vljqlfdqw/ wklv
dssurdfk uhvxowv lq lqh!flhqw glvsdwfk dqg shuyhuvh lqfhqwlyhv iru wkh orfdwlrq ri qhz jhqhudwruv
+Ndpdw dqg Ruhq/ 5333/ Qhxkr/ 5335, dqg fuhdwhv dgglwlrqdo rssruwxqlwlhv iru jhqhudwruv wr
h{huflvh pdunhw srzhu +Kduyh| dqg Krjdq/ 5333,1 Wklug/ wudghuv frxog vljq rswlrq frqwudfwv
iru hqhuj| lq rqh hqhuj| pdunhw/ doorzlqj wkhp wr vxeplw elgv frqglwlrqdo rq prghudwh sulfhv
lq wkh hqhuj| pdunhw ri wkh rwkhu qrgh1 Wudghuv zrxog ehqhw iurp d vkduh ri wkh vdylqjv
li lqh!flhqw wudqvplvvlrqv duh dyrlghg dqg uhgxfh wkh ghpdqg vorsh dqg wkhuhiruh wkh pdunhw
srzhu ri jhqhudwruv1
Fdq zh whvw iru lqfuhdvhg h{huflvh ri pdunhw srzhu dv d uhvxow ri vhsdudwlrq ri wudqvplvvlrq
dqg hqhuj| pdunhwvB Wkh dydlodeoh gdwd glg qrw doorz iru vxfk d whvw lq wkh fdvh ri shupdqhqwo|
xqfrqvwudlqhg wudqvplvvlrq/ exw glg vkrz wkdw duelwudjh lv lqh!flhqw1 Li wkh rxwsxw fkrlfhv ri
vwudwhjlf jhqhudwruv ghwhuplqhv zkhwkhu wkh wudqvplvvlrq olqh lv frqvwudlqhg/ wkhq dq hpslulfdo
whvw lv ihdvleoh1 Qruwkhuq Qruzd|/ sduw ri wkh pdunhw vsolwwlqj uhjlph ri Qrugsrro/ h{klelwv
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wkh fkdudfwhulvwlfv suhglfwhg iru qrgdo sulflqj zkloh wkh Qhwkhuodqgv/ frqqhfwhg zlwk vhsdudwh
wudqvplvvlrq dqg hqhuj| pdunhwv wr Jhupdq|/ grhv qrw1
Zkdw kdsshqv li wkh wudqvplvvlrq olqhv duh frqvwudlqhg iru doo vwudwhjlf rxwsxw fkrlfhv ri
jhqhudwruvB Lq wkh wzr qrgh prgho wkh wudqvplwwhg hqhuj| lv frqvwdqw/ lqghshqghqw ri wkh pdunhw
ghvljq/ dqg wkhuhiruh vhsdudwlrq ri hqhuj| dqg wudqvplvvlrq pdunhwv grhv qrw pdwwhu1 Krzhyhu/
lq phvkhg qhwzrunv vhsdudwlrq pdwwhuv/ dqg frqvwlwxwhv d pdmru glvdgydqwdjh ri wkh fxuuhqw
sursrvdov iru d frruglqdwhg dxfwlrq wr jryhuq hohfwulflw| wudgh ehwzhhq frqwlqhqwdo Hxurshdq
frxqwulhv17 Li hqhuj| dqg wudqvplvvlrq pdunhwv duh lqwhjudwhg xqghu qrgdo sulflqj/ wudqvplvvlrq
fdsdflw| zloo eh doorfdwhg dv d ixqfwlrq ri wkh hqhuj| elgv vxeplwwhg e| jhqhudwruv1 Vwudwhjlf
jhqhudwruv zloo/ dv Krjdq +4<<:, kdv vkrzq/ dqwlflsdwh wkh uhdfwlrq ri  rz sdwwhuqv rq wkhlu
rxwsxw ghflvlrqv zkhq fkrrvlqj wkhlu elgv lq d qrgdo sulflqj uhjlph1 Li hqhuj| dqg wudqvplvvlrq
pdunhwv duh vhsdudwhg/ wkhq wudghuv ghwhuplqh zlwk wkhlu elgv lq wkh wudqvplvvlrq dxfwlrq krz
vfdufh wudqvplvvlrq fdsdflw| lv doorfdwhg/ h1j1 krz vfdufh fdsdflw| lq wkh qhwzrun lv vsolw ehwzhhq
h{sruwv iurp qrgh D dqg qrgh E wr qrgh F18 Wklv vsolw lv {hg dw wkh vxevhtxhqw hqhuj| vsrw
pdunhwv/ zklfk lv dq duwlfldo frqvwudlqw gxh wr pdunhw ghvljq1 L vkrz wkdw Oh Fkdwholhu*v
sulqflsoh lv dssolfdeoh= Dgglqj dq dgglwlrqdo frqvwudlqw zhdno| uhgxfhv uhvsrqvlyhqhvv ri fkrlfh
yduldeohv1
Ehfdxvh ri uhgxfhg ghpdqg uhvsrqvlyhqhvv/ jhqhudwruv idfh d vwhhshu qhw ghpdqg fxuyh dqg
zloo h{huflvh pruh pdunhw srzhu1 H1j1 h{sruwv iurp qrgh D dqg E duh lqghshqghqw ri wkh
uhvsrqvh ri ghpdqg dw rwkhu qrghv1 Vwudwhjlf jhqhudwruv wkhuhiruh dfw dv roljrsrolvwv lq wkhlu
orfdo pdunhw19 Wudghuv rqo| duelwudjh wkh pdunhwv dqg ex| wudqvplvvlrq fdsdflw| lq h{shfwdwlrq
ri wkh prqrsro| rxwsxw fkrlfh ri jhqhudwruv1 Lq frqwudvw/ qrgdo sulflqj frpelqhv lq wkh hqhuj|
vsrw pdunhw ghpdqg vorsh iurp glhuhqw qrghv/ dqg pdlqwdlqv frpshwlwlrq ehwzhhq jhqhudwruv
dw glhuhqw qrghv1 Wkh uvw uhvxow lv wkdw li vwudwhjlf jhqhudwruv duh orfdwhg dw rqh qrgh ri d
phvkhg qhwzrun/ lqwhjudwlrq lqfuhdvhv rxwsxw dqg zhoiduh1
Zkdw li vwudwhjlf jhqhudwruv duh orfdwhg dw wzr qrghv ri dq duelwudu| phvkhg qhwzrun/
zlwkrxw furvv kroglqj ri jhqhudwlrq dvvhwvB Qhwzrun hhfwv lpso| wkdw rxwsxw dw wkhvh qrghv
lv hlwkhu d corfdo vxevwlwxwh*/ zkhq dq rxwsxw lqfuhdvh dw rqh qrgh uhgxfhv sulfhv dw wkh rwkhu
qrgh/ ru corfdo frpsohphqwv*/ zkhq dq rxwsxw lqfuhdvh dw rqh qrgh lqfuhdvhv sulfh dw wkh rwkhu
qrgh +Mrvnrz dqg Wluroh 5333/ Ruhq/ 4<<:/ Fkdr dqg Shfn/ 4<<9,1 Lqwhjudwlqj wudqvplvvlrq dqg
7Hxurshdq Wudqvplvvlrq V|vwhp Rshudwruv/ Frruglqdwhg xvh ri S[ iru Frqjhvwlrq Pdqdjhphqw/ 8236234
8 Lq d wkuhh qrgh prgho wklv sureohp frxog eh vroyhg zlwk d  rz0jdwh ghvljq/ gl!fxowlhv dulvh lq frpsoh{
qhwzrunv +Ux/ 5334,1
9Vphhuv dqg Zhl +4<<:, dqg Ndpdw dqg Ruhq +5335, prgho d vlplodu vhsdudwlrq lq d vsdwldo roljrsrolvwlf prgho1
Jhqhudwruv dvvxph wkdw wudqvplvvlrq sulfhv gr qrw fkdqjh zkhq wkh| fdofxodwh wkh surwv iurp ghyldwlqj iurp
wkhlu rxwsxw fkrlfh1
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hqhuj| pdunhwv uhvxowv lq dq lqfuhdvhg rxwsxw dw erwk qrghv/ li wkhvh qrghv duh corfdo vxevwlwxwhv*
dqg uhvxowv lq orzhu sulfhv dw erwk qrghv/ li wkhvh qrghv duh corfdo frpsohphqwv*1 Lq erwk fdvhv
wrwdo rxwsxw lv lqfuhdvhg1
Li vwudwhjlf jhqhudwruv duh orfdwhg dw pruh wkdq wzr qrghv ri d phvkhg qhwzrun/ wkhvh qrghv
duh hlwkhu corfdo frpsohphqwv* ru corfdo vxevwlwxwhv* wr hdfk rwkhu1 Wklv vxjjhvwv wkdw wrwdo rxwsxw
zloo rqfh djdlq eh lqfuhdvhg li hqhuj| dqg wudqvplvvlrq pdunhwv duh lqwhjudwhg/ exw wklv uhtxluhv
frqupdwlrq lq ixwxuh uhvhdufk1
Ixuwkhu uhvhdufk lv uhtxluhg wr dvvhvv wkh lpsdfw ri jhqhudwruv kroglqj dvvhwv dw vhyhudo qrghv/
olnh lq Fdughoo/ Klww dqg Krjdq +4<<:,1 Wkh hhfwv pljkw eh vlplodu wr cvwudwhjlf frpsohphqwv*
dqg cvwudwhjlf vxevwlwxwhv* dv ghvfulehg e| Exorz/ Jhdqdnrsorv dqg Nohpshuhu +4<;8, zkhuh
qhwzrun lqwhudfwlrq udwkhu wkdq fkdqjlqj pdujlqdo surgxfwlrq frvwv surylghv wkh olqn ehwzhhq
jhqhudwlrq dw glhuhqw orfdwlrqv1
5 Olwhudwxuh Uhylhz
Pdunhw srzhu ri hohfwulflw| jhqhudwruv kdv ehhq prghoohg dqg wkh vxsso| ixqfwlrq dssurdfk kdv
ehhq dssolhg wr wkh hohfwulflw| lqgxvwu| wr dqdo|vh wkh XN pdunhw e| Juhhq dqg Qhzehu| +4<<5,1
Eruhqvwhlq dqg Exvkqhoo +4<<<, xvh d Frxuqrw dssurdfk wr dqdo|vh wkh srwhqwldo iru pdunhw
srzhu lq Fdoliruqld1 Mrvnrz dqg Ndkq +5335, vkrz/ xvlqj wkh h{dpsoh ri Fdoliruqld*v vxpphu ri
5333/ wkdw vlpxodwhg frpshwlwlyh ehqfkpdun sulfhv duh ehorz revhuyhg sulfhv/ hyhq li kljk QR%
shuplw sulfhv duh frqvlghuhg1 Kduyh| dqg Krjdq +5335, uhshdw wkh vlpxodwlrqv dqg uxq vhqvlwlylw|
dqdo|vlv rq wkh sdudphwhu fkrlfhv1 Iru vrph ri wkhlu sdudphwhu frpelqdwlrqv/ vlpxodwhg sulfhv
uhdfk revhuyhg sulfhv1 Dvvhvvlqj jhqhudwlrq rxwsxw/ Mrvnrz dqg Ndkq +5335, fdofxodwh wkdw
xqlodwhudo zlwkkroglqj ri rxwsxw wr sxvk xs wkh zkrohvdoh sulfh zrxog kdyh ehhq surwdeoh iru
sruwirolr jhqhudwruv/ dqg lqghhg revhuyh wkdw hlwkhu wkh xqlwv ^ri sruwirolr jhqhudwruv‘ zhuh
vxhulqj iurp xqxvxdo rshudwlrqdo sureohpv ru wkh| zhuh ehlqj zlwkkhog iurp wkh pdunhw wr
lqfuhdvh sulfhv1
Juhhq +4<<5, uvw qrwhg wkdw lq d vlpsoh wzr0shulrg prgho/ jhqhudwruv wkdw kdyh frqwudfwhg
doo wkhlu hqhuj| lq wkh iruzdug pdunhw kdyh qr lqfhqwlyh wr glvwruw wkh vsrw sulfh/ dqg zloo
wkhuhiruh elg frpshwlwlyho|1 Mrvnrz dqg Ndkq +5335, frqup wklv wkhru| e| wkhlu revhuydwlrq
wkdw wkh rqh vxssolhu iru zklfk zh gr qrw qg dq| vljqlfdqw hylghqfh ri zlwkkroglqj kdg
dssduhqwo| frqwudfwhg prvw ri wkh rxwsxw ri lwv fdsdflw| iruzdug1 Li iruzdug frqwudfwv plwljdwh
pdunhw srzhu/ wkhq wkh txhvwlrq lv krz wr pdnh jhqhudwruv vhoo wkhlu hohfwulflw| lq wkh iruzdug
pdunhw1 Dood} dqg Ylod*v +4<<6, sdshu vkrzv wkdw/ jlyhq lqqlwh wudglqj shulrgv/ jhqhudwruv vhoo
dgglwlrqdo frqwudfwv iru hqhuj| lq hdfk shulrg/ hyhqwxdoo| frpplwwlqj doo wkhlu rxwsxw1 Zkloh
jhqhudwruv pljkw lqghhg kdyh shufhlyhg vxpphu 5333 dv d rqh0vkrw jdph/ rqh pljkw h{shfw vsrw
:
sulfhv wr eh ghwhuplqhg zlwk dq h|h wr wkhlu lpsdfw rq wkh orqj0whup frqwudfw sulfh1 Qhzehu|
+4<<;, vxjjhvwv wkdw wkh vsrw sulfh frxog eh vhw e| lqfxpehqwv vxfk wkdw hqwu| lv suhyhqwhg iru
qhzfrphuv1 Lqfxpehqwv wkhq vhoo wkh dprxqw ri iruzdug frqwudfwv zklfk frpplwv wkhp wr wklv
vsrw sulfh1
Iruzdug ru orqj0whup frqwudfwv kdyh gluhfwo| lq xhqfh vsrw sulfhv/ exw duh ljqruhg lq wklv
sdshu wr vlpsoli| wkh dqdo|vlv ri wudqvplvvlrq1 Rqh pljkw mxvwli| wklv vlpsolfdwlrq e| lqwhusuhw0
lqj wkh vxevhtxhqw dqdo|vlv dv dq dqdo|vlv ri wkh uhvlgxdo/ qrq0frqwudfwhg hqhuj| pdunhw1 Wkh
uhvxowv frqwlqxh wr eh uhohydqw iru wkh hqwluh hqhuj| vrog/ ehfdxvh iruzdug sulfhv odujho| iroorz
iurp h{shfwhg vsrw sulfhv1
H{whqglqj wkh pdunhw srzhu dqdo|vlv wr hohfwulflw| qhwzrunv Eruhqvwhlq/ Exvkqhoo dqg Vwriw
+5333, vkrz wkdw lw fdq eh surwdeoh iru jhqhudwruv wr zlwkkrog rxwsxw lq rughu wr frqvwudlq d
wudqvplvvlrq olqh wkdw zrxog qrw kdyh ehhq frqvwudlqhg xqghu shuihfw frpshwlwlrq1 Eruhqvwhlq hw
do1 +4<<9, flwh hpslulfdo hylghqfh iurp Qruwkhuq Fdoliruqld wr wklv hhfw1 Ruhq +4<<:, suhvhqwv dq
dowhuqdwlyh vfhqdulr zlwk wkh wudqvplvvlrq frqvwudlqw orfdwhg ehwzhhq wzr vwudwhjlf jhqhudwruv lq
d wkuhh0qrgh qhwzrun1 Vwriw +4<<;, vroyhv wkh fruuhvsrqglqj Frxuqrw jdph dqg Mrvnrz dqg Wluroh
+5333, jlyh wkh lqwhusuhwdwlrq= wkh wudqvplvvlrq frqjxudwlrq fdq wxuq rxwsxw ri jhqhudwruv dw
wzr glhuhqw qrghv lqwr corfdo frpsohphqwv*/ wkhuhe| lqfuhdvlqj wkh lqfhqwlyh iru d jhqhudwru wr
zlwkkrog rxwsxw/ dv wklv frqvwudlqv wkh rxwsxw ri wkh rwkhu jhqhudwru dqg lqfuhdvhv sulfh ohyhov1
Fdughoo/ Klww dqg Krjdq +4<<:, vkrz li vwudwhjlf jhqhudwruv rzq jhqhudwlrq dvvhwv dw qrgh D
dqg E ri d wkuhh0qrgh qhwzrun/ wkh| pljkw lqfuhdvh rxwsxw dw qrgh D uhodwlyh wr d frpshwlwlyh
vfhqdulr li wklv uhgxfhv wkh wrwdo hqhuj| gholyhuhg wr qrgh E gxh wr orrs  rzv dqg wkhuhiruh
lqfuhdvhv sulfhv dw qrgh E1
Wudqvplvvlrq frqwudfwv fdq hqkdqfh pdunhw srzhu ri jhqhudwruv dqg surylgh qdqfldo lq0
fhqwlyhv wr fkdqjh rxwsxw ghflvlrqv ri jhqhudwruv hyhq dv wudqvplvvlrq frqvwudlqwv duh dqg vwd|
frqvwudlqhg1 Wklv zdv uvw dgguhvvhg e| Krjdq +4<<:,1 Mrvnrz dqg Wluroh +5333, vkrz wkdw
sk|vlfdo dqg qdqfldo wudqvplvvlrq uljkwv kdyh doprvw lghqwlfdo surshuwlhv1 Krzhyhu/ lq uhdo
qhwzrunv/ d frpsohwh vhw ri sk|vlfdo wudqvplvvlrq frqwudfwv lv wrr frpsoh{ dqg ghvljqv zhuh
ghyhorshg wr djjuhjdwh dqg vlpsoli| surshuw| uljkwv iru hdfk lqglylgxdo olqn1 Mrvnrz dqg Wluroh
glvfxvv glhuhqw dssurdfkhv dqg srlqw rxw wkh qhhg iru uljkwv wr eh reoljdwlrqv wr wudqvplw udwkhu
wkdq mxvw rswlrqv wr xvh wkh qhwzrun/ wr hqvxuh dq h!flhqw xvh ri phvkhg qhwzrunv1
Devwudfwlqj iurp hhfwv ri vhsdudwlrq ri hqhuj| dqg wudqvplvvlrq pdunhwv/ dv glvfxvvhg
lq wklv sdshu/ Mrvnrz dqg Wluroh +5333, vkrz krz wudqvplvvlrq frqwdfwv fdq surylgh qdqfldo
lqfhqwlyhv wkdw hqkdqfh pdunhw srzhu ri jhqhudwruv1 Prqrsro| jhqhudwruv zloo ex| vxfk frqwudfwv
lq d glvfulplqdwru| sulfh dxfwlrq ru lqkhulw wkhp1 Jloehuw/ Qhxkr/ Qhzehu| +5335, h{whqg wkh
dqdo|vlv wr roljrsrolhv dqg vkrz iru frpsohwh lqirupdwlrq wkdw xqlirup sulfh dxfwlrqv/ lq frqwudvw
;
wr glvfulplqdwru| dxfwlrqv/ rqo| doorfdwhg wudqvplvvlrq frqwudfwv wkdw zhdno| plwljdwh pdunhw
srzhu1 Krzhyhu/ jlyhq dv|pphwulf lqirupdwlrq dqg xqfhuwdlqw|/ wklv fohdu uhvxow qr orqjhu krogv1
Ixuwkhupruh jhqhudwruv gr lq jhqhudo qrw vhoo pdunhw srzhu hqkdqflqj frqwudfwv lq vhfrqgdu|
pdunhwv1 Wkhuhiruh/ jxlgholqhv duh vxjjhvwhg wr h{foxgh jhqhudwruv iurp sxufkdvh ri frqwudfwv
wkdw hqkdqfh pdunhw srzhu1
6 Wzr qrghv zlwk sduwldoo| frqvwudlqhg wudqvplvvlrq
Lqwhjudwlrq ri wkh hqhuj| dqg wudqvplvvlrq pdunhw uhgxfhv pdunhw srzhu lq d wzr0qrgh qhwzrun
dv orqj dv wudqvplvvlrq frqvwudlqwv duh qrw shupdqhqwo| elqglqj1 Wkh rxwsxw fkrlfh ri vwudwhjlf
jhqhudwruv lv fdofxodwhg dvvxplqj hqhuj| pdunhwv duh lqwhjudwhg +614, dqg dvvxplqj wudqvplvvlrq
dqg hqhuj| pdunhwv duh vhsdudwh +615,1 Frpsdulvrq ri erwk ghvljqv vkrzv dq lqfuhdvh lq pdunhw
srzhu dqg surylghv d wkhruhp= li wkh wudqvplvvlrq olqh lv xqfrqvwudlqhg/ vhsdudwlrq ri wudqvplv0
vlrq dqg hqhuj| pdunhwv uhgxfhv rxwsxw dqg lqfuhdvhv sulfhv1 Wklv pljkw orrn sx}}olqj/ ehfdxvh
zlwk frpsohwh lqirupdwlrq wudghuv fdq shuihfwo| duelwudjh wkh vhsdudwh hqhuj| pdunhwv xvlqj
dydlodeoh wudqvplvvlrq fdsdflw|1 Krzhyhu/ wr dyrlg lpedodqfh ihhv zkhq wkh hqhuj| elg lq rqo|
rqh pdunhw lv dffhswhg/ wkh wudghuv kdyh wr vxeplw kljk ex| dqg orz vhoo elgv1: Wkhuhiruh wkh
dprxqw ri hqhuj| wudqvplwwhg ehwzhhq wkh pdunhwv lv lqghshqghqw ri sulfhv1 Wkh uhdolvhg rxwsxw
fkrlfh ri d vwudwhjlf jhqhudwru grhv qrw lq xhqfh wkh dprxqw ri wudqvplwwhg hqhuj|> wkhuhiruh
wkh jhqhudwru zloo zlwkkrog pruh rxwsxw wr sxvk xs sulfh1 Wklv lv dqwlflsdwhg e| wudghuv elgglqj
lqwr wkh vsrw pdunhwv/ wkhuhiruh pdunhwv duh duelwudjhg/ exw dw d kljkhu sulfh ohyho wkdq li erwk
pdunhwv zhuh lqwhjudwhg1 Lq 616/ sursrvlwlrqv duh suhvhqwhg wkdw doorz iru hpslulfdo whvwv lq 6171
614 Lqwhjudwhg hqhuj| dqg wudqvplvvlrq pdunhwv
Lq dq lqwhjudwhg hqhuj| dqg wudqvplvvlrq pdunhwv +qrgdo sulflqj, ghpdqg dqg vxsso| vxeplw
wkhlu elgv wr wkh v|vwhp rshudwru1 Kh ghwhuplqhv pdunhw fohdulqj sulfhv zklfk lqfrusrudwv
wudqvplvvlrq frqvwudlqwv dqg pdnh rswlpdo xvh ri wudqvplvvlrq fdsdflw|1 Wudghuv duh qrw qhhghg
wr duelwudjh wkh pdunhwv dqg wkhuhiruh qrw suhvhqw lq wklv prgho1
Wzr vwudwhjlf jhqhudwruv duh orfdwhg dw hdfk ri wkh wzr qrghv lq Iljxuh 51 Doo irxu jhqhudwruv
duh dvvxphg wr eh v|pphwulf/ hdfk zlwk wrwdo frvwv dv d ixqfwlrq ri rxwsxw t=;
F+t, @
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t21 +4,
:Wudghuv zlwk rswlrq frqwudfwv iru hqhuj| lq rqh pdunhw frxog vxeplw elgv frqglwlrqdo rq sulfh lq wkh rwkhu
pdunhw1 Wudghuv zrxog qrw ehqhw iurp plwljdwlqj pdunhw srzhu/ exw frxog lqfuhdvh wudglqj surwdelolw| e|
dyrlglqj orvvhv lq wkh hqhuj| pdunhw1 Lqh!flhqflhv lq Iljxuh ; lqglfdwh wkdw vxfk frqwudfwv duh qrw w|slfdo1
;Il{hg surgxfwlrq frvwv fdq eh ljqruhg ehfdxvh wkh| gr qrw lq xhqfh rxwsxw ghflvlrqv/ dqg wkh frqvwdqw
frpsrqhqw ri yduldeoh frvwv fdq eh qrupdolvhg wr f e| uhghqlqj 1
<
K
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Iljxuh 5= Wzr qrghv lqwhufrqqhfwhg e| d wudqvplvvlrq olqh ri fdsdflw| N xwlolvhg dw N=
Wudqvplvvlrq fdsdflw| ehwzhhq wkh qrghv lv frqvwudlqhg N1 Uhvlgxdo ghpdqg dw wkh h{sruwlqj
qrgh rqh G dqg lpsruwlqj qrgh wzr G2 lv olqhdu=
G+s, @ D s> G2+s, @ D.G  s= +5,
L xvh wkh Frxuqrw dvvxpswlrq/ wkdw jhqhudwruv vxeplw txdqwlw| elgv1 Frpshwlwlyh ghpdqg/ zklfk
fdq frqwdlq qhjdwlyh frqwulexwlrqv iurp iulqjh jhqhudwruv/ vxeplwv d sulfh0txdqwlw| vfkhgxoh
dffruglqj wr ghpdqg vfkhgxoh +5,1
Iru vpdoo ghpdqg glhuhqfhv G ehwzhhq wkh qrghv wkh olqn zloo eh xqfrqvwudlqhg +61414,
zkloh yhu| odujh glhuhqfhv uhvxow lq d frqvwudlqhg olqn +61415,1 Ehwzhhq wkhvh wzr ch{wuhphv* lv
dq lqwhuydo ri ghpdqg glhuhqfhv/ iru zklfk qr sxuh vwudwhj| rxwsxw fkrlfhv h{lvw +61416, dqg
iru wkh vwudwhjlf jhqhudwruv dw erwk qrghv d pl{hg vwudwhj| htxloleulxp lv fdofxodwhg +61417,1 Lq
vrph fdvhv/ h1j1 zkhq doo vwudwhjlf jhqhudwruv duh orfdwhg dw wkh vdph qrgh dqg wkhlu pdujlqdo
frvw fxuyhv duh qrw wr vhhs/ wkh lqwhuydo lv hpsw| dqg d sxuh vwudwhj| htxloleulxp h{lvwv iru doo
ghpdqg glhuhqfhv1
61414 Xqfrqvwudlqhg olqn
Li wkh olqn lv xqfrqvwudlqhg/ wkhq erwk orfdo pdunhwv duh lqwhjudwhg dqg irxu vwudwhjlf jhqhudwruv
elg wr vxsso| wr ghpdqg G.G21 Hdfk jhqhudwru fkrrvhv rxwsxw t +zlwkrxw lqgh{, wr pd{lplvh
surwv  wdnlqj rxwsxw fkrlfh ri wkh wkuhh rwkhu jhqhudwruv t +zlwk lqgh{, dv jlyhq1
 @
5D.G  6t  t
5
t 
4
5
t21
Wkh uvw rughu frqglwlrq jlyhv
t @
5D.G  6t
5 +4 . ,
1
Vroylqj iru v|pphwulf jhqhudwruv t @ t jlyhv rxwsxw dqg sulfh=
t @
5D.G
8 . 5
> s @
4 . 
8 . 5
5D.G
5
= +6,
61415 Frqvwudlqhg olqn
Li jhqhudwruv dqwlflsdwh wkdw wkh pdunhwv zloo eh vhsdudwhg/ wkhq wkh| dqwlflsdwh wkh v|vwhp
rshudwru zloo xvh doo wudqvplvvlrq fdsdflw|N wr wudqvplw hqhuj| ehwzhhq wkh pdunhwv1 Jhqhudwruv
43
dw hdfk qrgh l fkrvh rxwsxw t dqg t wr pd{lplvh surw cS jlyhq wkh rxwsxw fkrlfh ri wkh ihoorz
jhqhudwru dw wkhlu qrgh tcS1
cS @

D.N  tcS  t

t 
4
5
t2> 2cS @

D.G N  t2cS  t
 t2  4
5


t
2
1
Wkh uvw rughu frqglwlrqv dqg v|pphwu| ehwzhhq jhqhudwruv dw wkh vdph qrgh tcS @ t dqg
t2cS @ t
 doorzv wr fdofxodwh wkh htxloleulxp rxwsxw fkrlfhv dqg sulfhv1
tcS @
D.N
6 . 
/ t2cS @
D.G N
6 . 
>
s @
4 . 
6 . 

D.N

> s2 @
4 . 
6 . 

D.G N

= +7,
61416 Zk| lv d sxuh vwudwhj| htxloleulxp vrphwlphv qrw ihdvleohB
Iluvw rughu frqglwlrqv duh qrw vx!flhqw wr ghwhuplqh wkh rswlpdo rxwsxw fkrlfh li erxqgdu|
frqglwlrqv fuhdwh qrq0frqyh{lwlhv1 Rxwsxw fkrlfhv ri lqglylgxdo jhqhudwruv fdq ghwhuplqh zkhwkhu
d wudqvplvvlrq olqh lv frqvwudlqhg ru xqfrqvwudlqhg1 Wkhuhiruh/ sulfh lv qrw qhfhvvdulo| d frqyh{
ixqfwlrq ri rxwsxw fkrlfh ri d jhqhudwru1
Wkh lpsolfdwlrqv duh looxvwudwhg iru wkh sdudphwhu fkrlfh D @ 43/ N @ 5/  @ 3 dqg
G @ 71 Iluvw rughu frqglwlrq +6, vxjjhvw d k|srwkhwlfdo htxloleulxp zlwk dq xqfrqvwudlqhg olqn
dqg rxwsxw t @ 7=;/ sulfh s @ 5=7 dqg surw shu jhqhudwru  @ 44= 851 Wkh v|vwhp rshudwru
zrxog vfkhgxoh hqhuj| wudqvplvvlrq ri 5 xqlwv zklfk vwloo vdwlvhv wkh wudqvplvvlrq olplw1 Wkh
ghpdqg glhuhqfh G @ 7 lv wkh xsshu erxqg wr dq lqwhuydo ri Gv zklfk doorz iru d k|srwkhwlfdo
xqfrqvwudlqhg htxloleulxp1 Surw ixqfwlrqv duh frqwlqxrxv lq rxwsxw fkrlfh/ wkhuhiruh vxevhtxhqw
dujxphqwdwlrq h{whqgv wr wklv lqwhuydo/ zklfk fdq eh hdvlo| fdofxodwhg wr eh ^6=5> 7‘1 Dvvxph
vwudwhjlf jhqhudwruv zrxog vxeplw hqhuj| elgv dffruglqj wr wkh k|srwkhwlfdo htxloleulxp1 Zrxog
lw eh surwdeoh iru rqh jhqhudwru dw wkh lpsruwlqj qrgh wr ghyldwh dqg vxeplw d glhuhqw elgB Kh
zrxog fkrvh t^ vxfk wkdw wkh wudqvplvvlrq olqn lv frqvwudlqhg dqg wkh v|vwhp rshudwru fdofxodwhv
vhsdudwh sulfhv iru erwk qrghv1 Klv surw ixqfwlrq zrxog eh=
^ +t^, @

D.G N  t2c  t^

t^ 
4
5
t2^ 1
Wkh uvw rughu frqglwlrq jlyhv rswlpdo rxwsxw fkrlfh ri t^ @ 6= 9/ sulfhv sc^ @ 5=7/ s2c^ @ 6=9
dqg surwv ri ^ @ 45= <91 Ghyldwlrq lv surwdeoh ^ A  dqg wkh k|srwkhwlfdo htxloleulxp lv
qrw d Qdvk htxloleulxp1
Iru wkh vdph sdudphwhuv uvw rughu frqglwlrq +7, vxjjhvwv d k|srwkhwlfdo htxloleulxp zlwk
d frqvwudlqhg olqn/ rxwsxw tcS @ t2cS @ 7/ sulfhv s @ s2 @ 7 dqg surwv cS @ 2cS @ 491 Wkh
v|vwhp rshudwru vfkhgxohv 5 xqlwv ri wudqvplvvlrq vr wkh frqglwlrq iru d frqvwudlqhg htxloleulxp
lv vdwlvhg1 Frqwlqxlw| ri wkh surw ixqfwlrqv lpsolhv wkdw wkh iroorzlqj uhvxowv dovr dsso| wr
44
dq lqwhuydo wr wkh uljkw ri G/ zklfk fdq eh fdofxodwhg dv G 5 ^7> 9=8‘1 Dvvxplqj vwudwhjlf
jhqhudwruv vxeplw elgv dffruglqj wr wkh k|srwkhwlfdo htxloleulxp zlwk d frqvwudlqhg olqn/ zrxog
lw eh surwdeoh iru d jhqhudwru dw wkh lpsruwlqj qrgh wr ghyldwhB \hv 0 kh zrxog vxeplw d elg
iru d odujhu t_ vxfk wkdw wkh olqn lv qr orqjhu frqvwudlqhg dqg klv surw ixqfwlrq zrxog eh=
_ @
5D.G  5tcS  t2cS  t_
5
t_ 
4
5
t2_1
Wkh uvw rughu frqglwlrq jlyhv rxwsxw t_ @ 9 dqg qrgdo sulfh s_ @ 6 surylglqj iru surwv
_ @ 4; A S @ 491 Wkhuhiruh/ +tcS> t2cS, lv qrw d Qdvk htxloleulxp1
Iru G 5 ^6=5> 9=8‘ qhlwkhu dq htxloleulxp zlwk d frqvwudlqhg olqn qru dq htxloleulxp zlwk dq
xqfrqvwudlqhg olqn h{lvw1< Dsshqgl{ D vkrzv wkdw wklv lqwhuydo lv w|slfdoo| hpsw| dqg d sxuh
vwudwhj| htxloleulxp h{lvwv li vwudwhjlf jhqhudwruv duh rqo| orfdwhg dw rqh lqvwhdg ri erwk qrghv1
Wkh srolf| lpsolfdwlrqv vwloo iroorz dqg wkh hpslulfdo whvw lv vwloo dssolfdeoh1
61417 Pl{hg vwudwhj| htxloleulxp
Uhwxuqlqj wr wkh fdvh zlwk wzr vwudwhjlf jhqhudwruv orfdwhg dw hdfk qrghv L ghvfuleh rqh srvvleoh
pl{hg vwudwhj| htxloleulxp iru sdudphwhu fkrlfhv G zklfk grhv qrw doorz iru d sxuh vwudwhj|
htxloleulxp1 Wkh wzr jhqhudwruv dw wkh h{sruwlqj qrgh vxeplw d elg iru wkh txdqwlw| t1 Wkh
wzr jhqhudwruv dw wkh lpsruwlqj qrgh hdfk sod| d pl{hg vwudwhj| dv wr zkdw elg wkh| zloo vxeplw
wr wkh hqhuj| vsrw pdunhw1 Wkh| fkrvh lqghshqghqwo|/ zlwk suredelolw|  d kljk rxwsxw txdqwlw|
tM dqg zlwk suredelolw| +4 , d orz rxwsxw txdqwlw| tu1 Ihoorz jhqhudwruv fdqqrw revhuyh wkh
elg/ exw rqo| wkh glvwulexwlrq ri elgv/ ehiruh wkh dxfwlrq uhvxowv duh dqqrxqfhg dqg fdq wkhuhiruh
qrw uhdfw wr wkh elg1 Wkh olqn zloo eh frqvwudlqhg zlwk suredelolw| +4  ,2 li erwk jhqhudwruv
fkrrvh d orz rxwsxw txdqwlw|1 Wkh vwudwhjlhv fdq rqo| uhsuhvhqw d Frxuqrw htxloleulxp/ li t
pd{lplvhv h{shfwhg surwv iru jhqhudwruv dw wkh h{sruwlqj qrgh dqg erwk tu dqg tM pd{lplvh
surwv ri wkh jhqhudwru dw wkh lpsruwlqj qrgh1
Iljxuh 6 looxvwudwhv krz qrq0frqyh{ qhw ghpdqg doorzv iru wzr glhuhqw rxwsxw fkrlfhv tu
dqg tM wr eh htxdoo| surw pd{lplvlqj1 Iru vlpsolflw| rqo| rqh vwudwhjlf jhqhudwru lv orfdwhg
dw wkh lpsruwlqj qrgh1 Li kh fkrrvhv d orz rxwsxw txdqwlw|/ wkhq wkh wudqvplvvlrq olqn zloo eh
<Vwriw +4<<;, vkrzv d glhuhqw fkdqqho zklfk fdq pdnh d sxuh vwudwhj| htxloleulxp xqihdvleoh1 Lq klv wkuhh0
qrgh qhwzrun wkh rxwsxw ri wzr jhqhudwruv lv frpsohphqwdu|/ ehfdxvh  rzv ri hohfwulf hqhuj| fdq eh vxshulpsrvhg
dqg wkhuhiruh fdqfho hdfk rwkhu1 Wkh kljk0frvw jhqhudwru*v rxwsxw uholhyhv wkh wudqvplvvlrq frqvwudlqw zklfk wkh
orz0frvw jhqhudwru idfhv1 Wklv doorzv wkh kljk0frvw jhqhudwru wr olplw wkh orz0frvw jhqhudwru*v rxwsxw dqg/ e|
fuhdwlqj d frqvwudlqw/ uhfhlyh kljkhu sulfhv iru klv rxwsxw xqghu d qrgdo sulflqj ghvljq1 Wkh kljk0frvw jhqhudwru
uhgxfhv rxwsxw wr nhhs wkh frqvwudlqw elqglqj dqg wr rewdlq kljk sulfhv/ zkloh wkh orz0frvw jhqhudwru zrxog olnh
wr uhgxfh rxwsxw wr uhod{ wkh frqvwudlqw dqg rewdlq kljk sulfhv1 Wkh orz0frvw jhqhudwru fdq rqo| gr vr e| pl{lqj
rxwsxw vwudwhjlhv wr hqvxuh wkdw wkh kljk frvw jhqhudwru grhv qrw frqvwudlq klv rxwsxw doo ri wkh wlph1
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Iljxuh 6= Qrq0frqyh{lw| lq hhfwlyh ghpdqg uhvxowv lq wzr surw pd{lplvlqj rxwsxw fkrlfhv tu
dqg tM 1
frqvwudlqhg dqg sulfh zloo eh deryh sulfh slqw pd{ dw wkh h{sruwlqj qrgh1 Uhvlgxdo +orfdo, ghpdqg
lv vkliwhg wr wkh ohiw dffruglqj wr wrwdo wudqvplvvlrq fdsdflw| N1 Li wkh jhqhudwru dw wkh lpsruwlqj
qrgh lqfuhdvhv rxwsxw/ wkhq sulfh idoov1 Erwk qrgdo pdunhwv zloo eh lqwhjudwhg li wkh sulfh idoov
ehorz slqw pd{1 Wkh v|vwhp rshudwru zloo qrz ghwhuplqh wkh dprxqw ri wudqvplwwhg hqhuj| vxfk
wkdw qrgdo sulfhv duh htxdo1 Wkh uhvxow lv d  dwwhu vhfwlrq ri qhw ghpdqg fxuyh1 Wklv surgxfhv d
qrq0frqyh{lw|1 Lqfuhdvlqj rxwsxw vwduwlqj iurp tu pdujlqdo uhyhqxh lv uvw qhjdwlyh ehfdxvh tu
lv d orfdo pd{lpxp1 Krzhyhu/ li rxwsxw lv lqfuhdvhg eh|rqg wkh nlqn/ wkhq pdujlqdo uhyhqxh lv
srvlwlyh/ ehfdxvh ri wkh  dwwhu ghpdqg fxuyh/ xqwlo wkh vhfrqg surw pd{lplvlqj rxwsxw fkrlfh
tM lv uhdfkhg1
L zloo qrz jlyh wkuhh uvw rughu frqglwlrqv dqg rqh htxdolw| wkdw wrjhwkhu ghwhuplqh wkh
rxwsxw fkrlfhv t> tu> tM dqg pl{lqj suredelolw| 1 L zloo frqwlqxh wr xvh t/ zlwkrxw vxevfulsw/
dv wkh yduldeoh d jhqhudwru lv rswlplvlqj wr pd{lplvh surwv1
Iluvw/ ghwhuplqh wkh kljk rxwsxw fkrlfh tM ri d jhqhudwru dw wkh lpsruwlqj qrgh1 Li wkh
jhqhudwru fkrrvhv wkh kljk rxwsxw/ wkhq wkh olqn zloo dozd|v eh xqfrqvwudlqhg dqg wkh pdunhwv ri
erwk qrghv zloo eh lqwhjudwhg G.G21 H{shfwhg rxwsxw ri wkh ihoorz jhqhudwru dw wkh lpsruwlqj
qrgh iroorzv iurp wkh pl{lqj suredelolw| ri kljk dqg orz rxwsxw fkrlfhv +4 , tu . tM dqg
jhqhudwruv dw wkh lpsruwlqj qrgh fkrvh t1 Jhqhudwruv duh dvvxphg wr eh ulvn qhxwudo/ wkhuhiruh
wkh| pd{lplvh h{shfwhg surwv/ zklfk duh dv d ixqfwlrq ri rxwsxw fkrlfh t=
H ^M +t,‘ @
5D.G  +4 , tu  tM  t  5t
5
t 
4
5
t21
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Xvlqj IRF dqg v|pphwu| t @ tM jlyhv wkh rswlpdo rxwsxw fkrlfh=
tM @
5D.G  tu . tu  5t
. 5 . 5
= +8,
Vhfrqg/ wkh orz rxwsxw fkrlfh ri d jhqhudwru dw wkh lpsruwlqj qrgh lv voljkwo| pruh frpsolfdwhg
wr fdofxodwh1 Li wkh ihoorz jhqhudwru dw wkh lpsruwlqj qrgh fkrrvhv tM / wkhq wkh qrgdo pdunhwv
zloo frqwlqxh wr eh lqwhjudwhg zkhuhdv li wkh ihoorz jhqhudwru dw wkh lpsruwlqj qrgh fkrrvhv tu
wkhq qrgdo pdunhwv duh vhsdudwhg dqg wkh jhqhudwru rqo| idfh ghpdqg ri wkh lpsruwlqj qrgh
plqxv wkh frqvwdqw lpsruwv dw ixoo fdsdflw|1 Iruplqj wkh h{shfwdwlrq ryhu erwk fdvhv wkh surwv
iru rxwsxw fkrlfh t duh=
H ^u +t,‘ @

+4 ,

D.G N  tu  t

. 
4
5
+5D.G  tM  t  5t,

t 
4
5
t2=
Wkh rswlpdo t iroorzv iurp wkh IRF dqg v|pphwu| tu @ t=
tu @
4
5
5D. 5G  5N  G . 5N  tM  5t
6 5. 
= +9,
Wklug/ jhqhudwruv dw qrgh rqh fkrrvh wkh rswlpdo rxwsxw txdqwlw| wr pd{lplvh h{shfwhg surwv/
zklfk duh rewdlqhg e| djjuhjdwlqj doo frpelqdwlrqv ri rxwsxw fkrlfhv iru jhqhudwruv dw qrgh wzr=
H ^ +t,‘ @
3
C 4 5. 2 D.N  t  t. +243242,2 +5D.G  t  tM  tu  t,
.4
2
2 +5D.G  t  5tM  t,

2t
4
D t=
Wkh IRF zlwk uhvshfw wr t dqg v|pphwu| t @ t jlyhv=
t @
5D. 5N  7N . 52N . 5G  5tM  5tu  
2G . 52tu
9 9. 62 . 5
= +:,
Ilqdoo|/ hdfk jhqhudwru dw qrgh wzr fkrrvhv wkh suredelolw|  ri pl{lqj ehwzhhq tu dqg tM wr
hqvxuh wkdw wkh ihoorz jhqhudwru dw qrgh wzr lv lqglhuhqw ehwzhhq fkrrvlqj tu dqg tM dqg
wkhuhiruh wkh pl{hg vwudwhj| htxloleulxp zloo eh pdlqwdlqhg1 Wr vlpsoli| qrwdwlrq ghqh c
dv surwv ri wkh ihoorz jhqhudwru dw qrgh wzr iurp fkrrvlqj rxwsxw l 5 iO>Kj li wkh jhqhudwru
fkrrvhv rxwsxw m 5 iO>Kj =
+4 ,ucu . ucM @ +4 ,Mcu . McM =
Vxevwlwxwlqj iurp deryh jlyhv=
+4 ,+D.G N  5tu 
4
5
tu,tu . 

5D.G tu  tM  5t
5

4
5
tu

tu +;,
@ +4 ,

5D.G  tu  tM  5t
5

4
5
tM

tM . 

5D.G  5tM  5t
5

4
5
tM

tM =
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Unconstrained 
Iljxuh 7= Rxwsxw ri lqglylgxdo jhqhudwruv dv ixqfwlrq ri ghpdqg glhuhqfh G1
Wkh irxu htxdwlrqv +9,/ +8,/ +:, dqg +;, doorz wr vroyh iru wkh irxu xqnqrzqv t> tu> tM dqg
= Xqiruwxqdwho|/ L glg qrw qg dq dqdo|wlfdo vroxwlrq> wkhuhiruh/ L rqo| surylgh wkh qxphulfdo
uhvxowv1
Iljxuh 7 suhvhqwv wkh rxwsxw ri lqglylgxdo jhqhudwruv iru ghpdqg sdudphwhu D @ 43/ wudqv0
plvvlrq fdsdflw| N @ 5 dqg lqfuhdvlqj pdujlqdo frvwv  @ 3=8= Iru ghpdqg glhuhqfhv G ? 6=8
jhqhudwruv fkrvh rxwsxw t ri wkh xqfrqvwudlqhg vfhqdulr1 Iru 6=8 ? G ? 6=;/ d pl{hg vwudw0
hj| htxloleulxp lq frqwlqxrxv rxwsxw fkrlfhv pxvw h{lvw exw L frxog rqo| qg d pl{hg vwudwhj|
htxloleulxp iru G  6=;1 Iru h{dpsoh iru G @ 6=; jhqhudwruv lq wkh lpsruwlqj qrgh zloo fkrvh
tM zlwk suredelolw|  @ 3=8: dqg rwkhuzlvh fkrvh tu1 Wkh frqvwudlqhg lv rqo| elqglqj li erwk
jhqhudwruv fkrvh tu zklfk kdsshqv zlwk suredelolw| s @ +4  ,
2 @ +4  3=8:,21 Ehfdxvh ri
wkh srvlwlyh suredelolw| ri d elqglqj frqvwudlqw/ wkh h{shfwhg qhw0ghpdqg vorsh dw wkh h{sruw0
lqj qrgh lv vwhhshu dqg jhqhudwruv zloo wkhuhiruh uhgxfh rxwsxw wr t1 Zlwk lqfuhdvlqj G wkh
frqvwudlqw lv elqglqj pruh iuhtxhqwo| xqwlo dw G @ 8=4 wkh frqvwudlqw lv shupdqhqwo| elqglqj
+ @ 3,1 Rxwsxw dw wkh h{sruwlqj qrgh t dqg wkh orz rxwsxw fkrlfh tu dw wkh lpsruwlqj qrgh
frlqflgh zlwk suhylrxvo| fdofxodwhg sxuh vwudwhj| frqvwudlqhg rxwsxw fkrlfhv t @ tcSm(’D dqg
tu @ t2cSm(’D1
Iljxuh 8/ ohiw/ vxppdulvhv wkh uhvxowv/ jlylqj wrwdo h{shfwhg rxwsxw iru frqvwdqw pdujlqdo
frvwv  @ 31 Sxuh vwudwhj| htxloleuld h{lvw iru G ? 6=5 +xqfrqvwudlqhg, dqg G A 9=8 +frq0
vwudlqhg,1 Lq wkh lqwhuphgldwh grpdlq d pl{hg vwudwhj| htxloleulxp lv jxdudqwhhg e| Jolfnvehuj*v
Wkhruhp +4<85,= Rxwsxw fkrlfhv duh lq d frpsdfw vhw +srvlwlyh dqg qhyhu h{fhhg wrwdo ghpdqg,
dqg sd|r ixqfwlrqv +surwv, duh frqwlqxrxv lq rxwsxw fkrlfhv +Ulw}ehujhu 5335,1 Frqwlqxrxv
sd|r ixqfwlrqv uhtxluh wkdw ghpdqg eh hodvwlf dw doo qrghv/ rwkhuzlvh sulfhv frxog mxps zlwk d
vpdoo yduldwlrq ri rxwsxw fkrlfh1 Iljxuh 8/ ohiw/ iru frqvwdqw pdujlqdo frvwv  @ 3 vxjjhvwv wkdw
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Transmission is: Transmission is:
Iljxuh 8= H{shfwhg wrwdo surgxfwlrqdv ixqfwlrq ri ghpdqg glhuhqfh G ehwzhhq v|pphwulf
qrghv1 Zkhq vwudwhjlf jhqhudwruv sod| d pl{hg vwudwhj|/ wkhq wudqvplvvlrq lv sduwldoo| frq0
vwudlqhg1 Pdujlqdo frvwv duh frqvwdqw lq wkh ohiw judsk dqg lqfuhdvlqj lq wkh uljkw judsk1
d olqhdu lqwhusrodwlrq ehwzhhq wkh frqvwudlqw dqg xqfrqvwudlqw erughu0fdvhv surylghv iru d jrrg
dssur{lpdwlrq ri wkh pl{hg0vwudwhj| rxwsxw1 Xqiruwxqdwho|/ wklv dvvxpswlrq euhdnv grzq zlwk
lqfuhdvlqj pdujlqdo frvwv/ h1j1  @ 3=81 +Iljxuh 8/ uljkw,1
Rqh lqwhuhvwlqj hhfw ri wkh wudqvplvvlrq frqvwudlqw lv/ wkdw h{shfwhg wrwdo rxwsxw lv gh0
fuhdvlqj zlwk lqfuhdvlqj ghpdqg lq wkh grpdlq ri pl{hg vwudwhj|1 Wklv lv gxh/ uvw/ wr wkh
ghfuhdvlqj suredelolw|  dw zklfk jhqhudwruv fkrvh tM dqg/ vhfrqg/ wr wkh lqfuhdvlqj suredelolw|
ri d frqvwudlqhg olqn s @ +4 ,2 lqgxflqj jhqhudwruv dw wkh h{sruwlqj qrgh wr uhgxfh rxwsxw dv
h{shfwhg ghpdqg fxuyh lv vwhhshu1
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D ehqhw ri hohfwulflw| olehudolvdwlrq lv forvhu frruglqdwlrq ri hohfwulflw| glvsdwfk ehwzhhq qhljk0
erulqj uhjlrqv wr h{fkdqjh  h{leoh jhqhudwlrq fdsdflw|/ dyhudjh rxw yrodwlolw| ri lqwhuplwwhqw
jhqhudwlrq dqg wr edodqfh k|gur dqg ghpdqg f|fohv1 Krzhyhu/ hohfwulflw| pdunhwv duh vwloo vhsd0
udwhg lq glhuhqw uhjlrqv ru Hxurshdq frxqwulhv/ pdlqo| ehfdxvh olehudolvdwlrq uhsolfdwhg h{lvwlqj
vwuxfwxuhv1 Wkhvh uhjlrqdo pdunhwv duh wkhq duelwudjhg e| wudghuv ex|lqj dqg vhoolqj hohfwulflw|
dqg wudqvplvvlrq uljkwv1 Lq wkh vlpsolhg prgho wklv klvwrulf hyroxwlrq h{sodlqlqj dqg srwhqwldoo|
mxvwli|lqj vxfk d pdunhw ghvljq lv reylrxvo| qrw uhsuhvhqwhg1 Wkh glhuhqfh wr wkh lqwhjudwhg
ghvljq lv wkhuhiruh wkdw wudghuv/ lqvwhdg ri wkh fhqwudolvhg v|vwhp rshudwru/ duelwudjh pdunhwv1 L
zloo qrz dvvhvv wkh lpsolfdwlrqv iru frpshwlwlrq dprqj jhqhudwruv1
Wr vlpsoli| wkh prgho L dvvxph/ lq frqwudvw wr Vphhuv dqg Mlqj0\xdq +4<<:,/ wkdw wudghuv
pdnh rq h{shfwdwlrq }hur surwv hlwkhu ehfdxvh wkh pdunhw lv frqwhvwdeoh ru ehfdxvh wkh qxp0
ehu ri wudghuv lv odujh1 D vhfrqg vlpsolfdwlrq lv/ wkdw rqo| wudghuv/ dqg qrw jhqhudwruv/ ex|
wudqvplvvlrq frqwudfwv1 Li jhqhudwruv ex| wudqvplvvlrq frqwudfwv/ wkhq wkh| h{shulhqfh qdqfldo
49
lqfhqwlyhv wkdw lq xhqfh wkhlu glvsdwfk ghflvlrqv/ dv vkrzq e| Mrvnrz dqg Wluroh +5333,1 Wkh
sdshu wkhuhiruh frpsohphqwv Jloehuw/ Qhxkr/ Qhzehu| +5335, zklfk hydoxdwhv srolf| jxlgholqhv
iru jhqhudwruv* dffhvv wr wudqvplvvlrq frqwudfwv zkloh ljqrulqj wkh hhfwv uhvxowlqj iurp vhsdudwh
hqhuj| dqg wudqvplvvlrq pdunhwv1
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Iljxuh 9= Wlpholqh ri gd| dkhdg pdunhw iru vhsdudwh hqhuj| dqg wudqvplvvlrq pdunhwv1
Dv looxvwudwhg lq Iljxuh 9 wkh v|vwhp rshudwru uvw dxfwlrqv wudqvplvvlrq frqwudfwv wr wudghuv1
L dvvxph frpsohwh lqirupdwlrq dqg shuihfw duelwudjh/ wkhuhiruh wudghuv sd| wkh pdujlqdo ydoxh iru
wudqvplvvlrq frqwudfwv/ erwk lq d xqlirup sulfh dqg glvfulplqdwru| sulfh dxfwlrq1 Wkh pdujlqdo
ydoxh fdq eh }hur li wudqvplvvlrq vxsso| h{fhhgv ghpdqg1 Lq vwhs wzr/ dvvxplqj q v|pphwulf
wudghuv hdfk rewdlqv N@q xqlwv ri wudqvplvvlrq fdsdflw|1
Lq vwhs wkuhh jhqhudwruv dqg wudghuv vxeplw wkhlu elgv wr wkh hqhuj| vsrw pdunhw1 Iroorzlqj
wkh Frxuqrw dvvxpswlrq vwudwhjlf jhqhudwruv dw qrgh l vxeplw d txdqwlw| elg t wr wkh hqhuj|
vsrw pdunhw dw wkhlu qrgh1 Hdfk wudghu kdv wr ghflgh zkdw txdqwlw| n ri klv wudqvplvvlrq uljkwv
N@q wr xvh iru hqhuj| wudqvplvvlrq dqg wkhq vxeplwv d txdqwlw| elg wr ex| n xqlwv ri hqhuj| dw
wkh h{sruwlqj qrgh dqg vhoo n xqlwv dw wkh lpsruwlqj qrgh1 Wkh dvvxpswlrq wkdw wudghuv vxeplw
txdqwlw| elgv zklfk duh sulfh lqghshqghqw lv edvhg rq wkh prgho ri frqwlqhqwdo srzhu h{fkdqjhv
dv fxuuhqwo| lpsohphqwhg lq Jhupdq| dqg wkh Qhwkhuodqgv1 Lq wkhvh srzhu h{fkdqjhv doo elgv
kdyh wr sd| wkh pdunhw fohdulqj sulfh1 L dvvxph wkdw wudghuv zloo vxeplw d yhu| kljk sulfhg
ex| elg iru n lq wkh h{sruwlqj frxqwu| dqg d yhu| orz sulfhg vhoo elg iru n lq wkh lpsruwlqj
frxqwu|1 Wklv hqvxuhv wkdw erwk elgv zloo eh dffhswhg dqg fruuhvsrqgv wr wkh Frxuqrw prgho1
Lw lv lpsruwdqw wkdw hlwkhu erwk ru qr elg lv dffhswhg/ rwkhuzlvh wudghuv kdyh dq rshq hqhuj|
srvlwlrq dqg duh h{srvhg wr kljk lpedodqfh ihhv143 Dw wkh hqg ri wkh vhfwlrq L glvfxvv elgv
frqglwlrqdo rq wkh pdunhw fohdulqj sulfh dw wkh rwkhu qrgh/ zklfk zrxog lpso| wkdw wudghuv qr
orqjhu vxeplw sxuh txdqwlw| elgv1
Wkh hhfw ri wudghuv vxeplwwlqj txdqwlw| elgv lv/ wkdw wkh dprxqw ri hqhuj| wudqvplwwhg
ehwzhhq wkh pdunhwv N lv qrw gluhfwo| lq xhqfhg e| rxwsxw ghflvlrq ri vwudwhjlf jhqhudwruv exw
e| wkh djjuhjdwh elg qn  N wudghuv vxeplw wr erwk hqhuj| vsrw pdunhwv1 Vhwwlqj N @ qn lq
43D wudghu zlwk hqhuj| frqwudfwv lq rqo| rqh }rqh pljkw vwloo wu| wr xvh elodwhudo qhjrwldwlrqv wr surylgh iru wkh
vhfrqg hqhuj| frqwudfw1 Krzhyhu/ kh lv xqghu vljqlfdqw wlph0suhvvxuh dqg wkhuhiruh lq d edg edujdlqlqj srvlwlrq/
dqg lv olnho| wr rewdlq dq xqvdwlvidfwru| sulfh1
4:
+7, jlyhv wkh vsrw sulfh glhuhqfh uhvxowlqj iurp jhqhudwruv* ghflvlrqv=
s @ s2  s @
4 . 
6 . 
+G  5qn, 1 +<,
Jhqhudwruv* vwudwhjlf rxwsxw fkrlfhv rqo| lqgluhfwo| lq xhqfhv wkh dprxqw ri hqhuj| vxeplwwhg
ehwzhhq wkh qrghv= Wudghuv dqwlflsdwh wkh rxwsxw fkrlfh ri vwudwhjlf jhqhudwruv/ dqg zloo dffrug0
lqjo| fkrvh wkh dprxqw ri hqhuj| elgv n wkh| vxeplw wr duelwudjh wkh pdunhwv s @ 31 Wklv lv
reylrxvo| rqo| srvvleoh dv orqj dv wkh wudqvplvvlrq olplw lv qrw ylrodwhg=
N @ qn @ plq+N>
G
5
,1 +43,
Li wkh wudqvplvvlrq olplw lv elqglqj dqg wudghuv rewdlq srvlwlyh uhyhqxh ns iurp duelwudjlqj wkh
wzr pdunhwv/ wkhq wudqvplvvlrq fdsdflw| lv vfdufh lq wkh lqlwldo dxfwlrq dqg frpshwlwlyh elgghuv
zloo sd| wkh pdujlqdo ydoxh s iru wkh wudqvplvvlrq fdsdflw| vxfk wkdw wkh| pdnh }hur surwv1
Vxevwlwxwlqj wkh dprxqw ri hqhuj| wudghg +43, lq wkh vwudwhjlf rxwsxw fkrlfh ri jhqhudwruv
+7, jlyhv lqglylgxdo dqg wrwdo surgxfwlrq=
tcS @
D.plq+N> (2 ,
6 . 
/ t2cS @
D.G plq+N> (2 ,
6 . 
/ T @ 5 +tcS . t2cS, @
7D. 5G
6 . 
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Iljxuh : frpsduhv wrwdo h{shfwhg surgxfwlrq xqghu lqwhjudwhg wudqvplvvlrq dqg hqhuj| pdu0
nhwv zlwk vhsdudwh pdunhwv/ dvvxplqj frqvwdqw pdujlqdo frvwv= Wkh vhsdudwlrq ri pdunhwv iru
wudqvplvvlrq uljkwv dqg hqhuj| hqkdqfhv jhqhudwruv* pdunhw srzhu dqg uhvxowv lq orzhu rxwsxw
txdqwlwlhv1 Rqo|/ li ghpdqg glhuhqfh ehwzhhq wkh wzr qrghv h{fhhgv G A 9=8 dqg wkh wudqvplv0
vlrq frqvwudlqw lv shupdqhqwo| elqglqj/ wkhq wkh rxwsxw fkrlfhv gr qrw glhu ehwzhhq wkh wzr
pdunhw ghvljqv1 Lq wkh vhsdudwh pdunhwv wkh hqwluh wudqvplvvlrq fdsdflw| zloo douhdg| eh xvhg
iru G A 7/ wklv grhv qrw vkrz xs lq wrwdo rxwsxw/ ehfdxvh vhsdudwlrq ri hqhuj| vsrw pdunhwv kdv
wkh vdph hhfw dv li wkh olqn zhuh dozd|v frqvwudlqhg1
Wkh prgho lv exlow rq wkh dvvxpswlrq wkdw jhqhudwruv fdqqrw frqglwlrq wkhlu elgv dw rqh
qrgh rq wkh pdunhw fohdulqj sulfh dw wkh rwkhu qrgh1 Wklv dvvxpswlrq frxog eh txhvwlrqhg dorqj
wkuhh glhuhqw zd|v= Iluvw/ vlpxowdqhrxvo| fohdulqj pdunhwv dw erwk qrghv frxog doorz wudghuv wr
vxeplw elgv frqglwlrqdo rq wkh pdunhw fohdulqj sulfh lq wkh qhljkerulqj qrgh1 Krzhyhu/ li vxfk
d forvh frrshudwlrq lv ihdvleoh/ zk| qrw jr iru dq lqwhjudwhg pdunhw zklfk hqvxuhv wkdw duelwudjh
lv shuihfw1 Vhfrqg/ hqhuj| vsrw pdunhwv fdq forvh vhtxhqwldoo|1 Lqghhg wkh Jhupdq vsrw pdunhwv
rshqv odwhu wkdq wkh Gxwfk1 Li Gxwfk uhvxowv duh/ dv iuhtxhqwo| wkh fdvh/ dqqrxqfhg ehiruh forvxuh
ri wkh Jhupdq vsrw pdunhw/ wkhq wklv vkrxog doorz wudghuv wr vwloo vxeplw fruuhvsrqglqj elgv
lq wkh Jhupdq pdunhw1 Vxfk d frqglwlrqlqj pljkw lpsuryh wkh vlwxdwlrq lq wkh wzr qrgh fdvh/
krzhyhu/ li wkh dxfwlrqv duh h{sdqghg wr vhyhudo frxqwulhv wkhq vhtxhqwldo hqhuj| vsrw pdunhwv
duh gl!fxow wr lpsohphqw1 Wkh wklug dssurdfk wrzdugv frqglwlrqdo elgv lv frqwlqxrxv wudglqj1
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Iljxuh := Wrwdo surgxfwlrq ri vwudwhjlf jhqhudwruv dv d ixqfwlrq ri ghpdqg glhuhqfh ehwzhhq
qrghv1
Frqwlqxrxv wudglqj doorzv wudghuv lq wkhru| wr frqwlqxrxvo| dgdsw wkhlu srvlwlrqv1 Krzhyhu/
oltxlglw| lv w|slfdoo| orz lq yhu| vkruw whup hqhuj| pdunhwv dqg wkhuhiruh/ dw ohdvw dffruglqj wr
XN uhsruwv/ wudghuv duh uhoxfwdqw wr jr zlwk d elj srvlwlrq lqwr wklv pdunhw144
Jlyhq wkh olplwhg dowhuqdwlyhv wkh Frxuqrw dssur{lpdwlrq vhhpv wr surylgh vrph lqvljkwv
lqwr wkh gl!fxowlhv ri vhsdudwh hqhuj| pdunhwv1 Lw pljkw eh txhvwlrqdeoh wr wuxvw wkh txdqwlwdwlyh
uhvxowv/ exw wkh txdolwdwlyh rxwfrphv vhhp uhdvrqdeoh dv orqj dv ghpdqg hodvwlflw| lv qlwh dw
doo qrghv1 Lq wkh ghvfulehg pdunhwv wklv lv jxdudqwhhg/ ehfdxvh iulqjh jhqhudwruv vxsso| wr wkh
pdunhw ghshqghqw rq wkh pdunhw0fohdulqj sulfh1 Wkhuhiruh qhw ghpdqg idflqj vwudwhjlf jhqhudwruv
lv sulfh uhvsrqvlyh hyhq li ghpdqg lv udwkhu sulfh lqhodvwlf1 Wkh iroorzlqj wkhruhp suryhv wkh
ehqhw ri lqwhjudwlqj hqhuj| dqg wudqvplvvlrq pdunhwv li wkh wudqvplvvlrq olqh lv shupdqhqwo|
xqfrqvwudlqhg +G ? 6=5,1 Wkh h{dpsoh lq Iljxuh : vkrzv lqwhjudwlrq dovr kdv d srvlwlyh hhfw
li wkh wudqvplvvlrq lv sduwldoo| frqvwudlqhg lq d pl{hg vwudwhj| htxloleulxp1 +6=: ? G ? 9=8,=
Lqwhjudwlrq kdv qr hhfw iru G A 9=81
Wkhruhp 4 Li wkh wudqvplvvlrq olqh ehwzhhq wzr qrghv lv xqfrqvwudlqhg/ lqwhjudwlrq ri qrgdo hq0
huj| pdunhwv zklfk duh rqo| duelwudjhg e| wudghuv lqfuhdvhv rxwsxw dqg ghfuhdvhv sulfhv +dvvxplqj
yduldeoh frvwv duh frqyh{ dqg ghpdqg lv hodvwlf dw erwk qrghv,1
Surri1 Wudghuv ghwhuplqh wkh dprxqw ri wudqvplvvlrq vxfk wkdw sulfhv dw erwk qrghv frlq0
flgh1 Ohw S+T, fkdudfwhulvh qhw ghpdqg idfhg e| jhqhudwruv dw hdfk qrgh dqg T htxloleulxp
surgxfwlrq e| jhqhudwruv dw qrgh l @ 4> 51 Zh dvvhvv qrz rq rxwsxw dw qrgh rqh/ exw wkh dujxphqw
htxdoo| dssolhv wr qrgh wzr1
Li hqhuj| dqg wudqvplvvlrq pdunhwv duh vhsdudwhg/ wkhq rxwsxw txdqwlw| t6 ri jhqhudwru p dw
44Vwdwhg dw Uhjxodwlrq Lqlwldwlyh Zrunvkrs/ Krz zhoo lv QHWD grlqjB/ OEV/ Rfwrehu 4:/ 5334
4<
qrgh rqh htxdov wkh fkrlfh t wkdw pd{lplvhv surwv 6+t, @ S+Tt6.t,tF6+t,> wkhuhiruh/
wkh IRF dqg t @ t6 jlyh wkh uhvxow wkdw pdujlqdo uhyhqxh htxdov pdujlqdo frvwv=
S+T,
t6 . S+T, @ F6+t6,
Dvvxph wkdw jhqhudwruv zrxog fkrrvh wkh vdph rxwsxw txdqwlwlhv lq wkh lqwhjudwhg pdunhw zlwk
wrwdo qhw ghpdqg S?|+T,1 Iurp S+T, @ S2+T2, lw iroorzv wkdw S?|+T . T2, @ S+T,
dqg hodvwlf ghpdqg dw erwk qrghv lpsolhv S ?|+T .T2, A S

+T,1 Wkhuhiruh/ pdujlqdo uhyhqxh
h{fhhgv pdujlqdo frvwv=
S?|+T .T2,
t6 . S?|+T, A S+T,t6 . S+T, @ F6+t6,/
dqg jhqhudwruv zlwk frqyh{ frvwv lqfuhdvh rxwsxw t6 wr pd{lplvh surwv1 Wklv uhgxfhv sulfhv lq
wkh lqwhjudwhg wudqvplvvlrq dqg hqhuj| pdunhw1
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Iljxuh : looxvwudwhg wkdw wkh wudqvplvvlrq olqn lv ohvv iuhtxhqwo| frqvwudlqhg li hqhuj| pdunhwv
duh lqwhjudwhg1 Wr xqghuvwdqg wkh uhdvrq/ dvvxph wkh frqvwudlqw lv elqglqj lq wkh ghvljq zlwk
vhsdudwh pdunhwv1 Zrxog jhqhudwruv elg wkh vdph rxwsxw lqwr dq lqwhjudwhg pdunhwB Qrw li wkh
sulfh glhuhqfh ehwzhhq wkh wzr pdunhwv lv vpdoo1 Wkhq jhqhudwruv dw wkh lpsruwlqj qrgh frxog
lqfuhdvh rxwsxw vxfk wkdw sulfh zrxog idoo dqg wkh pdunhwv zhuh lqwhjudwhg1 Jhqhudwruv zrxog
gr vr/ li surwv rq dgglwlrqdo vdohv h{fhhg orvw uhyhqxh iurp sulfh ghfuhdvh rq h{lvwlqj vdohv1 Lq
wklv fdvh wkh frqvwudlqhg vlwxdwlrq qr orqjhu uhsuhvhqwv d Qdvk htxloleulxp1
Dvvxph wzr qrghv duh ri glhuhqw vl}h dqg lq d ghvljq zlwk vhsdudwh pdunhwv wkh frqvwudlqhg
elqgv1 Li wkh vpdoo qrgh lv lpsruw frqvwudlqhg dqg wkh pdunhwv duh lqwhjudwhg/ wkhq d vwudwhjlf
jhqhudwru dw wkh vpdoo qrgh zrxog lqfxu odujh jdlqv iurp h{sdqglqj rxwsxw wrzdugv wkh elj
pdunhw zkloh rqo| orrvlqj olwwoh uhyhqxh rq klv vpdoo h{lvwlqj vdohv1 Lq frqwudvw/ li wkh odujh qrgh
zhuh lpsruw frqvwudlqhg dqg wkh pdunhwv duh lqwhjudwhg/ wkhq d vwudwhjlf jhqhudwruv zrxog qrw
jdlq pxfk iurp wkh dgglwlrqdo vdohv lq d vpdoo pdunhw zkloh orrvlqj pruh uhyhqxh rq klv h{lvwlqj
rxwsxw1 Wkhuhiruh/ dq lpsruw frqvwudlqw lqwr wkh vpdoo pdunhw lv rqo| d Qdvk htxloleulxp iru
pxfk eljjhu sulfhv glhuhqfhv ehwzhhq wkh qrghv wkdq dq lpsruw frqvwudlqw lqwr wkh odujh qrgh145
Wr vkrz wklv hhfw/ L xvh wkh fkdqjh ri qhw ghpdqg iurp gd| wr gd|1 Dvvxph wkdw fkdqjhv wr
ghpdqg dqg frpshwlwlyh vxsso| duh lq uvw rughu udqgrp ehwzhhq wkh vdph krxu ri frqvhfxwlyh
45Wklv zrxog lpso|/ wkdw lq dq lqwhjudwhg pdunhw sulfhv ehwzhhq qrghv duh hlwkhu htxdo ru glhu vljqlfdqwo|/
zkloh vpdoo sulfh glhuhqfh ehwzhhq wkh pdunhwv vkrxog qrw h{lvw1 Wklv lqwhuydo vkrxog glhu iru lpsruw dqg h{sruw
frqvwudlqwv1 Lq frqwudvw/ sulfh glhuhqfhv ehwzhhq vhsdudwhg hqhuj| pdunhwv vkrxog qrw h{klelw vxfk d jds1 L glg
qrw h{soruh wklv urxwh/ exw xvhg d phwkrg ghulyhg iurp wklv lqlwldo lghd1
53
gd|v1 Li wkh wudqvplvvlrq frqvwudlqw lv elqglqj/ wkhq sulfh fkdqjhv dw hdfk qrgh duh dovr udqgrp/
dqg li ghpdqg lv olqhdu dqg pdujlqdo frvwv duh frqvwdqw/ wkhq sulfh fkdqjhv dw hdfk qrgh duh
lqghshqghqw ri wkh sulfh ohyho1 Wkhuhiruh/ wkh fkdqjh ri sulfh glhuhqfh ehwzhhq wkh qrghv lv
dovr udqgrp dqg lqghshqghqw ri wkh gluhfwlrq lq zklfk wkh wudqvplvvlrq olqn lv frqvwudlqhg146
Li wrgd| wkh vpdoo qrgh lv lpsruw frqvwudlqhg zlwk sulfh glhuhqfh s/ wkhq d vpdoo fkdqjh lq
sulfhv pljkw vx!fh wr uhdfk wkh ohyho dw zklfk d frqvwudlqhg htxloleulxp grhv qr orqjhu h{lvw1 Lw
lv wkhuhiruh olnho| wkdw wkh lpsruw frqvwudlqhg zloo ydqlvk e| wkh vdph krxu wrpruurz1 Li lqvwhdg
wkh odujh qrgh lv lpsruw frqvwudlqhg/ zlwk wkh vdph sulfh glhuhqfh s/ wkhq d odujhu fkdqjh
lq sulfhv lv uhtxluhg wr uhdfk wkh ohyho dw zklfk d frqvwudlqhg htxloleulxp grhv qr orqjhu h{lvw1
Lw lv wkhuhiruh ohvv olnho| wkdw wkh lpsruw frqvwudlqhg zloo ydqlvk e| wkh vdph krxu wrpruurz1
Reylrxvo|/ wkh odujh qrgh lpsruwlqj lpsolhv wkh vpdoo qrgh h{sruwlqj1 Wkhuhiruh/ wkh suredelolw|
ri dq lpsruw frqvwudlqhg lqwr wkh vpdoo frxqwu| wr eh uhvroyhg e| wkh vdph krxu qh{w gd| vkrxog
eh kljkhu wkdq wkh suredelolw| ri dq h{sruw frqvwudlqhg wr eh uhvroyhg1
Wr irupdolvh wkh uhvxowv L uhtxluh wkdw ghpdqg fxuyh lv vwhhshu lq wkh vpdoohu pdunhw/ zklfk
lv wkh fdvh li ghpdqg hodvwlflwlhv dqg sulfhv dw erwk qrghv duh htxdo Y(
Y

(
@ Y(2
Y

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Sursrvlwlrq 5 Wudqvplvvlrq dqg hqhuj| pdunhwv duh lqwhjudwhg dqg wzr jhqhudwruv zlwk frq0
vwdqw pdujlqdo frvwv duh orfdwhg dw hdfk ri wzr qrghv/ ghpdqg lv olqhdu dqg ghpdqg vkliwv ehwzhhq
wkh vdph krxu ri frqvhfxwlyh gd|v duh glvwulexwhg v|pphwulfdoo| durxqg 31 Wkh vorsh ri ghpdqg
ri wkh odujhu pdunhw h{fhhgv n
I
D
2 vorsh ri ghpdqg dw wkh vpdoohu pdunhw1 Wkhq wkh suredelolw|
ri sulfh glhuhqfh s iurp dq lpsruw frqvwudlqw lqwr wkh vpdoohu pdunhw wr ydqlvk e| wkh vdph
krxu qh{w gd| lv kljkhu wkdq wkh suredelolw| ri dq lqyhuvh sulfh glhuhqfh s/ fdxvhg e| dq
h{sruw frqvwudlqw/ wr ydqlvk e| wkh vdph krxu qh{w gd|1 +Surri lq dsshqgl{ E,
Wklv dv|pphwu| lv dovr suhvhqw li jhqhudwruv dw rqo| rqh qrgh kdyh pdunhw srzhu1 Lw vwloo
uhtxluhv glhulqj vorshv ri wkh ghpdqg fxuyhv dw erwk qrghv1
Sursrvlwlrq 6 Wudqvplvvlrq dqg hqhuj| pdunhwv duh lqwhjudwhg dqg wzr jhqhudwruv zlwk frq0
vwdqw pdujlqdo frvwv  duh orfdwhg dw rqh qrgh zlwk ghpdqg D.G  s zklfk lv lqwhufrqqhfwhg
zlwk d olqn ri wudqvplvvlrq fdsdflw| N wr d frpshwlwlyh pdunhw zlwk qhw ghpdqg D  us zlwk
3 ? u dqg 5 
s
+4 . u, ? k
ng
u1 Wkh suredelolw| ri sulfh glhuhqfh s/ fdxvhg e| dq lpsruw
46 L ljqruh wkh olqn wkurxjk wkh vfduflw| ydoxh ri k|gur1 Li wudqvplvvlrq lv olnho| wr eh xqfrqvwudlqhg lq wkh ixwxuh
wkhq ixwxuh wudgh rssruwxqlwlhv lq xhqfh wrgd|v sulfhv1
47Wkh uhtxluhphqw ghpdqg fxuyh lv vwhhshu lq wkh vpdoohu pdunhw lv hdvlo| vdwlvhg1 Dvvxph ghpdqg hodvwlflwlhv
dqg sulfhv dw erwk qrghv duh htxdo Y(4
Y

(4
’
Y(5
Y

(5
1 Wkhq wkh vpdoohu pdunhw ( 	 (2 kdv d vwhhshu ghpdqg
fxuyh *Y(4
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Y
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frqvwudlqw wr wkh qrgh zhuh wkh roljrsro| lv orfdwhg/ wr ydqlvk e| wkh vdph krxu qh{w gd| lv kljkhu
wkdq wkh suredelolw| wkdw d sulfh glhuhqfh s> fdxvhg e| dq h{sruw frqvwudlqw/ wr ydqlvk e| wkh
vdph krxu ri wkh qh{w gd|1 +Surri lq dsshqgl{ E,
Wkh dv|pphwu| zdv fdxvhg e| vwudwhjlf jhqhudwruv dw wkh lpsruw frqvwudlqhg qrgh lqfuhdvlqj
rxwsxw wr idfh wkh odujhu lqwhjudwhg pdunhw1 Lq d frpshwlwlyh pdunhw jhqhudwruv vxeplw elgv dw
pdujlqdo sulfhv dqg zloo wkhuhiruh qrw lqfuhdvh rxwsxw wkhuhiruh v|pphwu| lv pdlqwdlqhg1
Li wkh wzr hqhuj| pdunhwv dw erwk qrghv duh vhsdudwhg/ wkhq wkh dprxqw ri hqhuj| wudqvplw0
whg ehwzhhq wkh qrghv lv rqo| lqgluhfwo| ghwhuplqhg e| wkh rxwsxw fkrlfh ri vwudwhjlf jhqhudwruv1
Wkhuhiruh/ frqvwudlqhg Qdvk htxloleuld h{lvw iru doo sulfh glhuhqfhv ehwzhhq wkh qrghv=
Sursrvlwlrq 7 Dvvxph wudqvplvvlrq dqg hqhuj| pdunhwv duh vhsdudwhg/ frvwv duh txdgudwlf/ gh0
pdqg lv olqhdu dqg ghpdqg vkliwv ehwzhhq wkh vdph krxu ri frqvhfxwlyh gd|v duh glvwulexwhg
v|pphwulfdoo| durxqg 31 Wkhq wkh suredelolw| ri sulfh glhuhqfh s/ fdxvhg e| dq lpsruw frq0
vwudlqw/ wr ydqlvk e| wkh vdph krxu qh{w gd| htxdov wkh suredelolw| ri sulfh glhuhqfh s> fdxvhg
e| dq h{sruw frqvwudlqw/ wr ydqlvk1 +Surri lq dsshqgl{ E,
Wkh uhvxow iru vhsdudwh hqhuj| dqg wudqvplvvlrq pdunhwv frlqflghv iru frpshwlwlyh pdunhw
zlwk wkh lqwhjudwhg pdunhwv/ frquplqj wkh lpsolfdwlrq ri Fkdr dqg Shfn +4<<9, wkdw erwk
ghvljqv duh lghqwlfdo lq frpshwlwlyh pdunhwv1
617 Hpslulfdo hylghqfh
Gdwd iurp wkh Jhupdq0Gxwfk lqwhufrqqhfwru vkrzv wkdw d vhsdudwlrq ri wudqvplvvlrq dqg hqhuj|
pdunhwv rqo| doorzv wudghuv wr duelwudjh rq h{shfwdwlrq/ dqg qrw iru hdfk uhdolvdwlrq +61714,1
Wudghuv iuhtxhqwo| sd| kljkhu sulfhv lq wkh wudqvplvvlrq dxfwlrq iurp Jhupdq| wr wkh Qhwkhu0
odqgv wkdq wkh sulfh glhuhqfh lq wkh hqhuj| vsrw pdunhwv zklfk forvh odwhu rq wkh vdph pruqlqj
zrxog mxvwli|1 Duelwudjh lv rqo| surwdeoh rq h{shfwdwlrq1 Wkh revhuyhg hhfw grhv qrw uhvxow lq
lqh!flhqw surgxfwlrq ghflvlrqv/ exw lv d vwurqj lqglfdwlrq wkdw wkh zurqj dprxqw ri wudqvplvvlrq
lv vhohfwhg dw wlphv ri xqfrqvwudlqhg olqnv1 Lq 61715 sursrvlwlrqv 5 wr 7 duh whvwhg e| frpsdu0
lqj wkh Jhupdq0Gxwfk lqwhufrqqhfwru zlwk wkh lqwhufrqqhfwlrq ehwzhhq Vzhghq dqg Qruwkhuq
Qruzd|1 Wkh uhvxowv gr qrw frqwudglfw wkh k|srwkhvlv wkdw lqwhjudwlqj hqhuj| dqg wudqvplvvlrq
pdunhwv plwljdwhv pdunhw srzhu1
61714 Lqfrpsohwh duelwudjh dw wkh Jhupdq0Gxwfk lqwhufrqqhfwru
Wudqvplvvlrq uljkwv wr wkh lqwhufrqqhfwru duh dxfwlrqhg lq dqqxdo dqg prqwko| dxfwlrqv iru wkh
hqwluh wlph vsdq dqg lq gd|0dkhdg dxfwlrqv iru hdfk krxu vhsdudwho|1 L irfxv rq wklv gd|0dkhdg
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dxfwlrq/ zkhuh wudghuv pxvw vxeplw wkhlu elgv e| ;163dp dqg uhfhlyh frqupdwlrq ri wkh uhvxowv
e| <dp148 Wudghuv wkhq vxeplw elgv wr wkh Gxwfk srzhu h{fkdqjh DS[ e| 43163dp dqg wr wkh
Jhupdq srzhu h{fkdqjh OS[/ zklfk qrz lqfoxghv wkh HH[/ e| 45 qrrq1 Wkh Gxwfk srzhu
h{fkdqjh frpplwv lwvhoi wr sxeolvk wkh uhvxowv e| dw ohdvw 45 qrrq/ lpso|lqj wkdw wkh pdunhwv
hhfwlyho| fohdu vlpxowdqhrxvo|149
Lq Iljxuh ; wkh vsrw sulfh glhuhqfh ehwzhhq wkh Qhwkhuodqgv dqg Jhupdq| lv ghslfwhg dv
d ixqfwlrq ri wkh +srvlwlyh, gd|0dkhdg dxfwlrq sulfhv iru hdfk krxu lq wkh shulrg Mdqxdu| 5334
wr Mxqh 53351 Iru doo wkh revhuydwlrqv ohiw ri wkh gdvkhg olqh/ wkh sulfh sdlg lq wkh wudqvplvvlrq
dxfwlrq h{fhhghg wkh uhyhqxhv vxevhtxhqwo| rewdlqhg lq wkh hqhuj| pdunhwv1 Wkh odujh yduldwlrq
0
5
10
15
20
25
2520151050-5-10-15-20-25
Au
ct
io
n 
pr
ice
 E
ur
o/
M
W
h
Spot price difference Euro/MWh
Iljxuh ;= Vsrw sulfh glhuhqfh +Qhwkhuodqgv0Jhupdq|, revhuyhg diwhu uhdolvdwlrq ri srvlwlyh gd|0
dkhdg dxfwlrq sulfhv lq wkh shulrg Mdqxdu| 5334 wr Mxqh 53351 Frorxu frglqj fruuhvsrqgv wr
qxpehu ri krxuo| revhuydwlrqv lq 4Hxur2PZk1
ri wkh vsrw sulfh glhuhqfh iru dq| rqh sulfh sdlg iru wudqvplvvlrq uljkwv vkrzv wkdw duelwudjh
48Wudqvplvvlrq uljkwv wr dqg iurp wkh Qhwkhuodqgv fdq eh rewdlqhg lq wzr vhsdudwh dxfwlrqv/ vwduwlqj lq wkh
julg ri wzr qhljkerxulqj Jhupdq xwlolwlhv UZH ru HRQ1 Wkh dqdo|vlv lv edvhg rq wkh dyhudjh ri erwk/ ehfdxvh
vr idu erwk uljkwv duh shuihfw vxevwlwxwhv/ dv wudghuv duh qrw h{srvhg wr wudqvplvvlrq frqvwudlqwv zlwklq Jhupdq|1
Uljkwv duh dxfwlrqhg vhsdudwho| iru erwk gluhfwlrqv lq prqwko| dqg gdlo| dxfwlrqv1 Wr dyrlg dexvh ri wudqvplvvlrq
uljkwv wkh| kdyh wr eh xvhg ru uhwxuqhg wr wkh dxfwlrq wr doorz iru uh0xvh1
49Krzhyhu/ wudghuv uhsruw wkdw wkh Gxwfk srzhu h{fkdqjh iuhtxhqwo| fohduv hduolhu1 Wklv zrxog doorz wkhp wr
frqglwlrq wkhlu elgv wr wkh Jhupdq srzhu h{fkdqjh rq wkh Gxwfk uhvxowv1 Wklv uhsuhvhqwv d srwhqwldo lqwhjudwlrq
ri wudqvplvvlrq dqg hqhuj| pdunhwv dqg zrxog wkhuhiruh uhvxow lq kljkhu suredelolw| ri wkh lpsruw frqvwudlqw lqwr
Wkh Qhwkhuodqgv ehlqj uhvroyhg/ zklfk lv qrw revhuyhg1
Wkh frqwlqxrxv wudglqj sodwirup [hwud ri OS[ lv qrw lqfoxghg lq wkh dqdo|vlv/ uvw/ ehfdxvh wudglqj yroxph lv
rqo| 43048( ri wrwdo gd|0dkhdg wudglqj yroxph dw OS[ dqg/ vhfrqg/ ehfdxvh wudglqj forvhv dw 45 qrrq1 Dgglwlrqdo
wudglqj rssruwxqlwlhv zrxog rqo| lpsuryh wkh vlwxdwlrq lq wkh shulrg <dp wr 43163dp ehfdxvh wkh elg wr DS[
pxvw eh vxeplwwhg diwhu wkdw wlph1
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lv rqo| edvhg rq wkh h{shfwhg sulfhv1 Li wudghuv frxog dqwlflsdwh wkh uhdo sulfh glhuhqfh/ wkhq
wudqvplvvlrq sulfhv zrxog qhyhu h{fhhg wkh sulfh glhuhqfh ehwzhhq wkh wzr pdunhwv1
Wkh jxuh rqo| uhsuhvhqwv sulfhv ehorz 58 Hxur2PZk/ idovho| fuhdwlqj wkh lpsuhvvlrq wkdw
wudghuv orvh pruh wkdq surw iurp wudglqj1 Lqfoxglqj doo revhuydwlrqv zlwk srvlwlyh wudqvplvvlrq
sulfhv vkrzv wkdw wudghuv* dyhudjh surwv iurp wkh frpelqhg lqwhudfwlrq lq wudqvplvvlrq dqg
hqhuj| pdunhw htxdo 4=89 Hxur2PZk soxv 3=8 wlphv wkh sulfh sdlg lq wkh wudqvplvvlrq dxfwlrq1
Wklv lqglfdwhv lqvx!flhqw frpshwlwlrq dprqj wudghuv/ doorzlqj wkhp wr elg orz lq wkh gd|0dkhdg
dxfwlrq wr vhfxuh fdsdflw| dw ehorz lwv duelwudjh ydoxh dqg wkhuhe| lqfuhdvh wudglqj surwv1 Lq
5334/ d yhu| xqvrsklvwlfdwhg vwudwhj| ri xvlqj doo wudqvplvvlrq frqwudfwv erxjkw iru d srvlwlyh
sulfh lq wkh dxfwlrq wr wudqvplw hqhuj| iurp wkh Jhupdq vsrw pdunhw wr wkh Gxwfk rqh fuhdwhg
duelwudjh surwv ri 6319p Hxurv1 Wkhvh kljk surwv pxvw kdyh dwwudfwhg dgglwlrqdo wudghuv dqg
lqfuhdvhg frpshwlwlrq/ uhgxflqj surwv wr 415p Hxurv iru wkh uvw vl{ prqwkv ri 53351 Wklv lv d
orzhu olplw iru wkh wudqvihuv iurp frqvxphuv dqg jhqhudwruv wr wudghuv/ dqg frxog eh kljkhu/ li
wudghuv xvhg pruh vrsklvwlfdwhg wudglqj vwudwhjlhv1 Eruhqvwhlq h1d1 +5334, revhuyh d vlplodu ghod|
ri qr pruh wkdq d frxsoh ri prqwkv/ gxulqj zklfk sulfh glhuhqfhv ehwzhhq wkh +gd|0dkhdg,
ixwxuh hqhuj| pdunhw dqg wkh vsrw hqhuj| pdunhw shuvlvwhg/ xqwlo wudghuv ohduqw krz wr ghdo zlwk
d uxoh fkdqjh1
Hyhq li wkh pdunhwv duh duelwudjhg rq h{shfwdwlrq/ wkh pdlq glvdgydqwdjh ri wkh vhsdudwlrq
ri wudqvplvvlrq dqg hqhuj| pdunhwv vwloo uhpdlqv1 Lq doo wkh krxuv zklfk duh uhsuhvhqwhg rq
wkh ohiw kdqg kdoi ri Iljxuh ;/ wudghuv sdlg d srvlwlyh sulfh lq wkh wudqvplvvlrq dxfwlrq dw <dp
dqg wkhuhiruh suredeo| elg odwhu lq wkh pruqlqj rq wkh hqhuj| vsrw pdunhwv wr wudgh hqhuj|
iurp Jhupdq| wr wkh Qhwkhuodqgv1 Krzhyhu/ wkh vsrw sulfh lq wkh Qhwkhuodqgv wxuqv rxw wr eh
orzhu wkdq lq Jhupdq|1 Dvvxplqj wkh vsrw pdunhwv duh h!flhqw dqg uhsuhvhqw yduldeoh frvwv
ri wkh pdujlqdo jhqhudwru/ wklv lpsolhv wkdw orz0frvw jhqhudwruv lq wkh Qhwkhuodqgv duh uhsodfhg
e| kljkhu0frvw jhqhudwruv lq Jhupdq|1 Wklv hhfw glg qrw fkdqjh zlwk lpsuryhg duelwudjh rq
h{shfwdwlrq> Iljxuh ; grhv qrw glhu iurp d vhsdudwh sorw ri 5334 ru 53351
Wkh uhdvrq iru wklv lqh!flhqf| lv wkdw wudghuv fdqqrw suhglfw wkh vsrw sulfhv ehfdxvh ri
xqfhuwdlqw| dqg ehfdxvh sulydwh lqirupdwlrq lv rqo| djjuhjdwhg lq wkh vsrw pdunhw1 Xvxdoo|/
vsrw pdunhwv duh vshflfdoo| lqwurgxfhg wr uhyhdo sulydwh lqirupdwlrq> lw lv wkhuhiruh lqfrqvlvwhqw
wr lqwurgxfh d ghfhqwudolvhg phfkdqlvp iru ghflvlrqv rq hqhuj| wudqvplvvlrq/ zklfk fdq rqo|
zrun h!flhqwo| li wudghuv fruuhfwo| suhglfw vsrw pdunhw sulfhv1
Jhqhudwlrq iurp zlqg dqg vrodu dqg FKS kdyh rxwsxw zklfk lv qrw suhglfwdeoh orqj0whup/
dqg lqirupdwlrq lv rqo| djjuhjdwhg lq wkh vsrw pdunhw1 Wkhuhiruh/ d kljkhu frqwulexwlrq e| wkhvh
hqhuj| vrxufhv zloo lqfuhdvh wkh lqh!flhqf| ri wkh vhsdudwh hqhuj| dqg wudqvplvvlrq pdunhw1 Wkh
vhsdudwlrq lv dovr eldvhg djdlqvw lqwhuplwwhqw jhqhudwlrq= lpdjlqh wkdw wudghuv dqwlflsdwh orz
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jhqhudwlrq lq wkh Qhwkhuodqgv dqg wkhuhiruh vfkhgxoh lpsruwv1 Li wkh vsrw pdunhw uhyhdov kljk
+uhqhzdeoh, jhqhudwlrq/ wkh sulfh zloo idoo ehorz wkh Jhupdq sulfh dqg uhqhzdeohv zloo uhfhlyh orz
uhyhqxhv1 Li wudqvplvvlrq dqg hqhuj| pdunhwv zhuh lqwhjudwhg/ h{sruwv zrxog eh vfkhgxohg lqvwhdg
ri lpsruwv dqg Gxwfk uhqhzdeohv zrxog uhfhlyh wkh kljkhu Jhupdq hohfwulflw| sulfh +dvvxplqj
wudqvplvvlrq lv qrw frqvwudlqhg,1
61715 Frpsdulvrq zlwk Qrugsrro
L whvw wkh wkhruhwlfdo fodlp wkdw lqwhjudwlqj hqhuj| dqg wudqvplvvlrq pdunhwv uhgxfhv pdunhw
srzhu/ xvlqj krxuo| gdwd iurp Mdqxdu| 5333 wr Qryhpehu 53341 Li wuxh/ lq dq lqwhjudwhg hqhuj|
dqg wudqvplvvlrq pdunhw olnh Qrugsrro/ wkh suredelolw| wkdw dq lpsruw frqvwudlqw lqwr wkh vpdoo
frxqwu| zlwk d odujhu ghpdqg vorsh zloo eh uhvroyhg e| wkh vdph krxu qh{w gd| vkrxog eh kljkhu
wkdq wkh suredelolw| ri dq h{sruw frqvwudlqw ehlqj uhvroyhg1 Xqghu vhsdudwh pdunhwv/ h1j1 wkh
Jhupdq0Gxwfk lqwhufrqqhfwru/ erwk suredelolwlhv vkrxog eh lghqwlfdo1
Iljxuh < vkrzv wkh phpehu frxqwulhv ri Qrugsrro1 Vzhghq dqg Ilqodqg hdfk frqvwlwxwlqj
rqh }rqh lq wkh lqlwldo pdunhw vsolwwlqj/ zkloh Qruzd| dqg Ghqpdun duh vsolw xs lqwr vhyhudo }rqhv
wr dgguhvv lqwhuqdo wudqvplvvlrq frqvwudlqwv1 Glvfxvvlrq ri pdunhw srzhu lq Vzhghq jrhv edfn wr
Dqghuvvrq dqg Ehujpdq +4<<8,1 Mrkqvhq/ Yhupd dqg Zroiudp +4<<<, lghqwli| pdunhw srzhu lq
Qruzd| li wudqvplvvlrq frqvwudlqwv duh elqglqj1 L zloo irfxv rq Qruwkhuq Qruzd| QR5 ehfdxvh
Iljxuh <= Glhuhqw }rqhv ri Qrusrro wr zklfk pdunhw vsolwwlqj lv dssolhg1 Frqqhfwlrq 4 ehwzhhq
Qruwkhuq Qruzd| QR5 dqg Vzhghq uhsuhvhqwv wkh wzr0qrgh prgho dqg lv iuhtxhqwo| frqvwudlqhg1
lw uhsuhvhqwv d wzr0qrgh prgho zlwk wkh pdmru lqwhufrqqhfwlrq wr Vzhghq e| wudqvplvvlrq olqnv
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+4, zlwk fdsdflw| ri pruh wkdq 4333PZ1 Lqwhufrqqhfwlrq +6, wrzdugv Vrxwkhuq Qruzd| QR4 lv
frpsdudwlyho| zhdn/ dw rqo| 633PZ/ dqg h{klelwv doprvw lghqwlfdo ehkdylrxu ehfdxvh Vrxwkhuq
Qruzd| lv zhoo0lqwhjudwhg zlwk wkh Vzhglvk pdunhw1 Qruwkhuq Qruzd| lv vrphwlphv vsolw xs lq
wzr vhsdudwho| sulfhg }rqhv/ Wurpvß dqg Wurqgkhlp/ exw sulfhv lq erwk }rqhv ehkdyh doprvw
lghqwlfdoo|> wkhuhiruh/ rqo| uhvxowv iru Wurqgkhlp duh suhvhqwhg1 Frqfhqwudwlrq lq Qruwkhuq
Qruzd| lv kljk/ zlwk Vwdwnudiw rzqlqj 6335PZ ri 95;:PZ lqvwdoohg fdsdflw|14:
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Iljxuh 43= Revhuyhg suredelolwlhv wkdw d sulfh glhuhqfh msm grhv ydqlvk e| wkh vdph krxu qh{w
gd|/ iru wkh vpdoo pdunhw lpsruwlqj dqg h{sruwlqj1 +Qruwkhuq Qruzd| dqg Qhwkhuodqgv,
Iljxuh 43 vkrzv wkdw/ lq Qruwkhuq Qruzd|/ wkh suredelolw| lv kljkhu wkdw dq lpsruw frqvwudlqw
lv uhvroyhg e| wkh vdph krxu ri qh{w gd| wkdq dq h{sruw frqvwudlqw iru doo sulfh glhuhqfhv
msm1 Wkh revhuydwlrq frqupv Sursrvlwlrq 6 dvvxplqj wkh Vzhglvk pdunhw lv frpshwlwlyh ru
Sursrvlwlrq 5 dvvxplqj wkh Vzhglvk pdunhw lv roljrsrolvwlf1 Wklv frqupv wkh prgho/ zklfk
suhglfwv wkdw lqwhjudwlqj pdunhwv plwljdwhv pdunhw srzhu1
Iljxuh 43/ uljkw/ vkrzv wkdw/ lq Wkh Qhwkhuodqgv/ wkh suredelolw| lv orzhu wkdw dq lpsruw
frqvwudlqw lv uhvroyhg wkdq wkdw dq h{sruw frqvwudlqw lv uhvroyhg1 Sursrvlwlrqv 6 dqg 5 suhglfw
wkh rssrvlwh uhvxow iru wkh fdvh ri dq lqwhjudwhg pdunhw zkloh Sursrvlwlrq 7 vxjjhvwv htxdo
suredelolwlhv iru wkh fdvh ri vhsdudwh pdunhwv1 Wkh uhvxow lv forvhu wr vhsdudwh pdunhwv1
Wkh glhuhqfh frxog eh dwwulexwhg wr wzr uhdvrqv= uvw/ wudghuv dqg hqhuj| frpsdqlhv
xvxdoo| vfkhgxoh lpsruwv lqwr wkh Qhwkhuodqgv lq dgglwlrq wr wkh wudghv rq wkh vsrw pdunhw1
Wkhvh lpsruwv duh fdqfhoohg li d qhjdwlyh DS[0OS[ sulfh glhuhqfh rffxuuhg wkh gd| ehiruh/
sxvklqj wrzdugv d uhyhuvdo ri wkh sulfh1 Vhfrqg/ Gxwfk jhqhudwruv kdyh vx!flhqw pdunhw srzhu
wr frruglqdwh xvlqj wkh Jhupdq hohfwulflw| sulfh dv d orzhu olplw/ dqg dgmxvw wkhlu elgv xszdug li
4:Qruzhjldq Frpshwlwlrq Dxwkrulw| 5335/ sxeolvkhg lq frqwh{w ri hqtxlu| lqwr dftxlvlwlrq ri Wurqgkhlp Hqhu0
jlyhun +WHY, e| Vwdwnudiw1
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wkh| revhuyh wkdw wkh Gxwfk sulfh lv orzhu1 Wkh vhfrqg hhfw zrxog dovr eh suhvhqw lq Qruwkhuq
Qruzd| exw vhhpv wr eh grplqdwhg e| wkh lqfhqwlyhv wr ghyldwh iurp dq lpsruw frqvwudlqhg
vlwxdwlrq lq dq lqwhjudwhg wudqvplvvlrq dqg hqhuj| pdunhw1
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Iljxuh 44=
L xvh wkh dv|pphwu| ehwzhhq lpsruw0 dqg h{sruw0frqvwudlqhg vlwxdwlrqv wr holplqdwh rwkhu
hhfwv wkdw pljkw glvwruw wkh uhvxowv1 Wkhvh rwkhu hhfwv fdq eh revhuyhg zkhq frpsdulqj ghyld0
wlrqv iurp wkh h{sruw0frqvwudlqw vfhqdulr lq Qruwkhuq Qruzd| zlwk ghyldwlrqv lq wkh Qhwkhuodqgv1
Vljqlfdqwo|/ wkh kljkhu suredelolw| ri doo ghyldwlrqv lq wkh Qhwkhuodqgv fdq eh h{sodlqhg e|
kljkhu sulfh yrodwlolw| lq wkh Qhwkhuodqgv/ looxvwudwhg lq Iljxuh 44 +Iru d v|vwhpdwlf frpsdulvrq
vhh Erzhu/ 5335,1 Qrugsrro sulfhv duh jhqhudoo| pruh vwdeoh/ ehfdxvh wkhlu pdlq ghwhuplqdqw lv
wkh zdwhu ohyho lq k|gur vwrudjh/ zklfk hyroyhv vorzo|/ dv Mrkqvhq/ Yhupd dqg Zroiudp +4<<<,
dujxh1
Rqh hhfw wkdw rqh pljkw h{shfw wr glvwruw wkh dqdo|vlv lv wkh glhuhqw jhqhudwlrq sdwwhuq1
Qruwkhuq Qruzd| jhqhudwhv hohfwulflw| h{foxvlyho| iurp k|gur srzhu1 Surgxfwlrq lv vrphwlphv
frqvwudlqhg e| jhqhudwlrq fdsdflw| dqg vrphwlphv e| wkh hqhuj| vwruhg lq wkh gdpv1 Wkh Qhwkhu0
odqgv pdlqo| xvh frdo dqg jdv1 Krzhyhu/ wkh dqdo|vlv frpsduhv wkh vdph krxu ri frqvhfxwlyh
gd|v dqg vkrxog wkhuhiruh qrw *slfn xs* glhuhqw shdnlqj ehkdylrxu lq wkh uvw sodfh1 Xvlqj wkh
dv|pphwu| ehwzhhq ghyldwlrq iurp lpsruwv dqg h{sruwv qdoo| hqvxuhv wkdw jhqhudwlrq whfk0
qrorj| dqg ghpdqg sdwwhuqv wkdw duh lqghshqghqw iurp srzhu  rzv rq wkh lqwhufrqqhfwru duh
owhuhg1
618 Frqfoxvlrq ri sduwldoo| elqglqj wudqvplvvlrq frqvwudlqwv
Rxwsxw fkrlfh ri vwudwhjlf jhqhudwruv lq d wzr0qrgh qhwzrun kdv ehhq fdofxodwhg dv d ixqfwlrq
ri ghpdqg glhuhqfh ehwzhhq wkh qrghv1 Li vwudwhjlf jhqhudwruv duh orfdwhg dw erwk qrghv/ vpdoo
ghpdqg glhuhqfhv uhvxow lq dq lqwhjudwhg pdunhw1 Li ghpdqg glhuhqfh lqfuhdvhv/ d pl{hg
vwudwhj| htxloleulxp zlwk sduwldoo|0elqglqj wudqvplvvlrq frqvwudlqw h{lvwv1 Iru odujh ghpdqg
5:
glhuhqfhv/ erwk pdunhwv duh vhsdudwhg1 Lq frpsdulvrq/ rxwsxw ri vwudwhjlf jhqhudwruv xqghu
vhsdudwh wudqvplvvlrq dqg hqhuj| pdunhwv lv orzhu/ zklfk fdq eh lqwhusuhwhg dv uhgxfhg zhoiduh1
Hpslulfdo hylghqfh iurp wkh Jhupdq0Gxwfk lqwhufrqqhfwru vkrzv wkdw wkh vhsdudwlrq ri hqhuj|
dqg wudqvplvvlrq pdunhwv suhyhqwv wudghuv iurp duelwudjlqj wkh lqwhufrqqhfwru lq uhdolvdwlrq/
dqg doorzv wkhp dw prvw wr duelwudjh dw h{shfwdwlrq1 Lq wkh vhfrqg vwhs/ wkh Jhupdq0Gxwfk
lqwhufrqqhfwru lv frpsduhg zlwk wkh lqwhufrqqhfwlrq ehwzhhq Qruwkhuq Qruzd| dqg Vzhghq1
Wkhru| vxjjhvwv/ dqg hpslulfdo hylghqfh frqupv/ wkdw lw lv pruh olnho| wkdw wkh lpsruw frqvwudlqw
lqwr wkh vpdoo }rqh ri Qruwkhuq Qruzd| lv uhvroyhg e| qh{w gd| wkdq wkdw wkh h{sruw frqvwudlqw
rxw ri Qruwkhuq Qruzd| lv uhvroyhg1 Wklv lv ehfdxvh lw lv pruh surwdeoh iru jhqhudwruv lq wkh
vpdoo frxqwu| wr ghyldwh iurp dq lpsruw frqvwudlqw wrzdugv dq xqfrqvwudlqhg htxloleulxp lq
rughu wr idfh wkh odujh pdunhw wkdq lw lv iru jhqhudwruv lq wkh odujh pdunhw wr ghyldwh iurp dq
lpsruw frqvwudlqw vlwxdwlrq wr rewdlq d vpdoo dgglwlrqdo ehqhw lq wkh vpdoo pdunhw1 Lq frqwudvw/
wkhru| vxjjhvwv wkdw d frqvwudlqw lqwr dqg rxw ri wkh cvpdoo* frxqwu|/ wkh Qhwkhuodqgv/ vkrxog eh
uhvroyhg zlwk htxdo suredelolw|/ ehfdxvh ghyldwlrq grhv qrw fkdqjh  rzv dqg grhv qrw/ wkhuhiruh/
fkdqjh wkh frqvwudlqw1 Hpslulfdo hylghqfh hyhq vkrzv wkdw wkh suredelolwlhv duh qrw rqo| htxdo/
exw hyhq lqyhuwhg/ zklfk fdq eh h{sodlqhg e| orqjhu whup wudqvplvvlrq dqg hqhuj| frqwudfwv1
7 Frqvwudlqhg wudqvplvvlrq lq phvkhg qhwzrunv
Wkh wzr qrgh prgho ri wkh suhylrxv vhfwlrq fdswxuhv vrph ri wkh hfrqrplfv ri hohfwulflw| qhwzrunv
dqg fdq eh xvhg lq vpdoo/ pdlqo| olqhdu wudqvplvvlrq qhwzrunv1 Odujh hohfwulflw| julgv w|slfdoo|
h{klelw vhyhudo glhuhqw frqvwudlqwv dqg wkhlu wuhdwphqw uhtxluhv uhsuhvhqwdwlrq ri wkh phvkhg
qdwxuh ri wkh qhwzrun1 Wkh hhfwv glvfxvvhg iru wkh wzr qrgh qhwzrun vwloo dsso| lq wkh phvkhg
qhwzrun1 Lq dgglwlrq/ dv zloo eh vkrzq lq wklv vhfwlrq/ wkh doorfdwlrq ri wudqvplvvlrq lq phvkhg
qhwzrun hyhq pdwwhuv li frqvwudlqwv duh shupdqhqwo| elqglqj1
Lq hohfwulflw| qhwzrunv/ Nlufkkr*v odzv vwduw wr elwh= d iudfwlrq ri wkh hqhuj| wudqvplwwhg lq
dq hohfwulflw| qhwzrun ehwzhhq dq| wzr qrghv sdvvhv wkurxjk yluwxdoo| hyhu| olqn ri wkh qhwzrun1
Iru dq h!flhqw glvsdwfk/ wkh fkdoohqjh lv wkhuhiruh qrw rqo| wr vfkhgxoh wkh uljkw dprxqw ri
hqhuj| wudqvplvvlrq ehwzhhq wzr qrghv/ exw dovr wr xvh vfdufh wudqvplvvlrq fdsdflw| rq olqnv iru
wudqvplvvlrqv ehwzhhq qrghv zkhuh lw surylghv wkh kljkhvw ydoxh1
Zlwk qrgdo sulflqj/ pdunhw sduwlflsdqwv vxeplw elgv ru elg vfkhgxohv wr wkh v|vwhp rshudwru
+VR, zklfk vshfli| wkh qrgh/ sulfh dqg txdqwlw| dw zklfk wkh| zrxog olnh wr vxsso| ru rewdlq
hqhuj|1 Wkh VR fdofxodwhv sulfhv iru hdfk qrgh/ vxfk wkdw wrwdo vxusoxv lv pd{lplvhg lpso|lqj
rswlpdo doorfdwlrq ri wudqvplvvlrq fdsdflw| zkloh wudqvplvvlrq frqvwudlqwv duh vdwlvhg dqg wrwdo
ghpdqg pdwfkhv vxsso|14; Orzhu0sulfhg vxsso| elgv dqg kljkhu0sulfhg ghpdqg elgv dw hdfk qrgh
4;Wkh sulfh ghwhuplqdwlrq lv edvhg rq wkh dvvxpswlrq wkdw elgv duh frvw uh hfwlyh1 Li vx!flhqw lqirupdwlrq
5;
duh dffhswhg dqg sdlg iru dw wklv sulfh1
Vhsdudwh wudqvplvvlrq pdunhwv ghqh sk|vlfdo surshuw| uljkwv iru vfdufh wudqvplvvlrq fdsdf0
lw| zklfk kdyh wr eh suhvhqw zkhq vfkhgxolqj wudqvplvvlrq ehwzhhq glhuhqw qrghv ri wkh qhwzrun1
Wudgh ri wkh uljkwv uhvxowv lq dq h!flhqw xvdjh ri vfdufh fdsdflw| dqg wkh ghvljq frlqflghv zlwk
qrgdo sulflqj lq wkh suhvhqfh ri frpsohwh dqg frpshwlwlyh pdunhwv1
Zkdw lv wkh hhfw ri vhsdudwlrq ri wudqvplvvlrq dqg hqhuj| pdunhwv lq wkh suhvhqfh ri pdunhw
srzhuB Vhsdudwh pdunhwv lpso| wkdw wkh frqjxudwlrq ri wudqvplvvlrq uljkwv ghwhuplqhv zklfk
hqhuj|  rzv wudghuv kdyh wr vfkhgxoh1 Iorzv duh wkhuhiruh qr orqjhu d ixqfwlrq ri fkdqjlqj elgv
ri jhqhudwruv lq wkh hqhuj| vsrw pdunhw14< Lqwhjudwlqj wkh pdunhwv wkhuhiruh uhgxfhv wkh vorsh
ri wkh ghpdqg fxuyh +714,1 Iljxuh 45/ ohiw/ looxvwudwhv wkdw lqwhjudwlrq zlwk fkdqjlqj ghpdqg
vorshv grhv qrw fkdqjh rxwfrph ri frpshwlwlyh pdunhwv ehfdxvh rxwsxw lv rqo| ghwhuplqhg e|
lqwhufhsw ri ghpdqg dqg pdujlqdo frvwv qrw wkh vorsh1 Lq frqwudvw/ jhqhudwruv zlwk pdunhw
srzhu ghwhuplqh wkhlu rxwsxw edvhg rq ghpdqg vorsh/ dqg d ghfuhdvh lq ghpdqg vorsh uhvxow lq
kljkhu rxwsxw +715,1 Iljxuh 45/ uljkw/ looxvwudwhv wkdw jhqhudwruv frxog frqwlqxh wr surgxfh dw
wkh suhylrxv rxwsxw ohyho/ exw lqfuhdvh rxwsxw wrzdugv wkh frpshwlwlyh fkrlfh ehfdxvh U A 7 1
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Iljxuh 45= Li vhsdudwh +V, pdunhwv duh lqwhjudwhg +L, ghpdqg vorsh ghfuhdvhv/ zlwk qr hhfw lq
frpshwlwlyh pdunhwv exw lqfuhdvhg rxwsxw ri d prqrsrolvw1
Wkh dqdo|vlv dvvxphv wkdw wkh vdph wudqvplvvlrq frqvwudlqwv duh dozd|v elqglqj/ zkhuhdv
wkh hhfwv ghvfulehg lq wkh uvw sduw uhtxluhg jhqhudwruv wr uhod{ wudqvplvvlrq frqvwudlqwv rq
wkhlu rxwsxwv1
derxw jhqhudwruv zlwk pdunhw srzhu dqg wkhlu orfdwlrq lv dydlodeoh/ wkh dojrulwkp ghwhuplqlqj qrgdo sulfhv fdq
eh fkdqjhg wr plwljdwh pdunhw srzhu +Vhh GDH Plphr Jloehuw/ Qhxkr/ Qhzehu| 5334 iru dq h{dpsoh lq d
wkuhh0qrgh qhwzrun,1
4<Iorzjdwh uljkwv zrxog lq wkhru| doorz elodwhudo wudglqj wr doorz iru uhfrqjxudwlrq ri hqhuj|  rzv wr pdwfk
fkdqjlqj rxwsxw ghflvlrqv ri jhqhudwruv1 Lq sudfwlfh zlwk frpsoh{ frqjhvwlrq sdwwhuqv  rzjdwh uljkwv duh iuhtxhqwo|
frqvlghuhg wr eh wrr frpsoh{ iru lpsohphqwdwlrq1
5<
714 Lqwhjudwlrq ri hqhuj| dqg wudqvplvvlrq pdunhwv lqfuhdvhv ghpdqg hodv0
wlflw|
Zkloh wkh fkdqjh lq dq { zlwk uhvshfw wr lwv rzq sdudphwhu lv dozd|v qhjdwlyh uhjdugohvv ri wkh
qxpehu ri frqvwudlqwv/ lw lv prvw qhjdwlyh li wkhuh duh qr frqvwudlqwv/ rqo| ohvv vr zkhq wkhuh lv
d vlqjoh frqvwudlqw/ dqg vr iruwk 111 Vdpxhovrq +4<7:,1
L vkrz wkdw Oh0Fkdwholhu Vdpxhovrq sulqflsoh lv dovr dssolfdeoh iru hohfwulflw| qhwzrunv1 Wklv
lv qrw gluhfwo| dssduhqw/ dqg wudglwlrqdo surriv gr qrw dsso|/ ehfdxvh wkh frqglwlrqv uhtxluhg
iru wkh dssolfdwlrq ri wkhvh surriv duh qrw vdwlvhg/ h1j1 Vdpxhovrq +4<7:,/ Nxvxprwr +4<:9,/
Ixmlprwr +4<;3,/ Plojurp dqg Urehuwv +4<<9,1 Wkh surriv gr qrw fryhu wkh wzrirog dsshdudqfh ri
sulfhv lq wudqvplvvlrq wudglqj/ uvw sulfhv fohdu orfdo pdunhwv dqg wkhuhiruh ghwhuplqh qhw0h{sruwv
iurp hyhu| qrgh dqg vhfrqg sulfh glhuhqfhv ehwzhhq qrghv duh olqnhg wr sulfh glhuhqfhv ehwzhhq
rwkhu qrghv e| wkh vfduflw| ydoxh ri frqvwudlqw wudqvplvvlrq olqnv1
Wkh doorfdwlrq ri wudqvplvvlrq fdsdflw| lv edvhg rq vxsso| dqg ghpdqg elgv e| jhqhudwruv
hlwkhu wr wkh v|vwhp rshudwru ru wr hqhuj| vsrw pdunhwv1 Elgv fdq eh hlwkhu txdqwlw| elgv dv lq
d Frxuqrw jdph zlwk wkh pdunhw fohdulqj sulfh ghwhuplqhg e| wkh lqwhuvhfwlrq zlwk ghpdqg/ ru
elgv fdq eh vxsso| ixqfwlrqv dv lq d vxsso| ixqfwlrq htxloleulxp +Juhhq dqg Qhzehu|/ 4<<5,1
Wkh v|vwhp rshudwru grhv qrw glhuhqwldwh ehwzhhq frpshwlwlyh ru dq| nlqg ri vwudwhjlf elgv
dqg dozd|v dssolhv wkh vdph wudqvplvvlrq doorfdwlrq phfkdqlvp1 Qhlwkhu gr frpshwlwlyh wudghuv
glhuhqwldwh ehwzhhq wkh elgv zkhq duelwudjlqj wkh pdunhwv1 Wkh fdofxodwlrq ri qhwzrun  rzv
dqg sulfhv dffruglqj wr Erkq/ Fdudpdqlv dqg Vfkzhssh +4<;7, lv wkhuhiruh dssolfdeoh erwk iru
frpshwlwlyh dqg vwudwhjlf elgv1 Wkh dojrulwkp wr ghqh qrgdo sulflqj fdq eh vxppdulvhg dv=
Wkh v|vwhp rshudwru doorfdwhv wudqvplvvlrq fdsdflw| dv li hqhuj| elgv zhuh frpshwlwlyh dqg kh
zdqwhg wr pd{lplvh zhoiduh1 Wkh fdofxodwlrq lv edvhg rq d GF dssur{lpdwlrq1 Wklv doorzv iru
olqhdu wuhdwphqw ri doo frqvwudlqwv zkloh pdlqwdlqlqj d vx!flhqwo| dffxudwh uhsuhvhqwdwlrq ri wkh
xqghuo|lqj sk|vlfdo uhdolw|1 Lq dsshqgl{ G wkh hhfw ri uhod{lqj d frqvwudlqw vhw e| vhsdudwlrq
ri hqhuj| dqg wudqvplvvlrq pdunhwv lv ghwhuplqhg dqg wkh iroorzlqj uhvxow lv fdofxodwhg erwk lq
dq lqwxlwlyh zd| iru rqh elqglqj frqvwudlqw dqg iru vhyhudo elqglqj frqvwudlqwv=
Wkhruhp 8 Jhqhudwruv dw dq| qrgh ri d phvkhg qhwzrun idfh d zhdno|  dwwhu hhfwlyh ghpdqg
fxuyh xqghu qrgdo sulflqj wkdq xqghu vhsdudwh wudqvplvvlrq dqg hqhuj| pdunhwv1 +Surri lq ds0
shqgl{ G1,
715 Lqfuhdvhg ghpdqg hodvwlflw| uhgxfhv pdunhw srzhu
Li pdunhw srzhu lv suhvhqw dw rqo| rqh qrgh/ wkhq lqfuhdvhg ghpdqg hodvwlflw| dw wkh qrgh kdv
wkh w|slfdo hhfw ri lqfuhdvlqj rxwsxw dqg uhgxflqj sulfhv ri vwudwhjlf jhqhudwruv dw wkh qrgh1
63
Wklv vhfwlrq dgguhvvhv wkh txhvwlrq ri wkh qhwzrun lqwhudfwlrqv1
Lq wkh GF dssur{lpdwlrq ri wkh qhwzrun wudqvplvvlrq frqvwudlqwv surgxfh olqhdu frqvwudlqwv
rq  rzv1 D vhw ri frqvwudlqwv ghqhv d k|shusodqh uhvwulfwlqj wkh odujhu vsdfh ri srvvleoh  rz sdw0
whuqv1 Dv orqj dv wkh vdph frqvwudlqwv vwd| elqglqj wkh  rz sdwwhuqv fdq wkhuhiruh eh uhsuhvhqwhg
e| olqhdu htxdwlrqv1 Li wklv dvvxpswlrq/ wkdw wkh vdph frqvwudlqwv vwd| elqglqj lqghshqghqw ri
vwudwhjlf rxwsxw fkrlfhv ri jhqhudwruv/ lv qrw vdwlvhg/ wkhq wkh vxevhtxhqw dqdo|vlv grhv qrw
qhfhvvdulo| dsso| dqg wkh qxpehu ri srvvleoh frpelqdwlrq ri elqglqj wudqvplvvlrq frqvwudlqwv
uhtxluhv d qxphulfdo wuhdwphqw1 Dv orqj dv wkh elqglqj wudqvplvvlrq frqvwudlqwv gr qrw fkdqjh/
sulfh fdq eh h{suhvvhg dv olqhdu ixqfwlrq ri wrwdo rxwsxw T ri roljrsrolvwv dw wzr glhuhqw qrghv
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1 +44,
Wkh lqgluhfw ghpdqg ixqfwlrqv duh ghqhg vxfk wkdw wkh| slyrw durxqg htxloleulxp sulfh S  dqg
wrwdo surgxfwlrq T lq wkh fdvh ri vhsdudwh hqhuj| dqg wudqvplvvlrq pdunhwv1 Wkh sdlu +S > T,
reylrxvo| uhsuhvhqwv d ihdvleoh vroxwlrq/ hyhq vr/ dv suhylrxvo| looxvwudwhg lq Iljxuh 45/ lw pljkw
qrw eh surw pd{lplvlqj ghshqglqj rq wkh vorsh ri wkh ghpdqg fxuyh1
Li  wdnhv wkh ydoxh  @ 4 wkhq +44, uhsuhvhqwv d ghvljq zlwk lqwhjudwhg wudqvplvvlrq dqg
hqhuj| pdunhwv zklfk doorz iru  h{leoh doorfdwlrq ri wudqvplvvlrq fdsdflw|1 Iru  @ 3 wudqvplv0
vlrq dqg hqhuj| pdunhwv duh vhsdudwh dqg wudqvplvvlrq fdsdflw| dqg hqhuj|  rzv duh wkhuhiruh
suhghwhuplqhg dw wkh wlph ri wkh hqhuj| vsrw pdunhwv1 Dffruglqj wr wkhruhp 8 ghpdqg hodvwlflw|
lv zhdno| lqfuhdvhg li hqhuj| dqg wudqvplvvlrq pdunhwv duh lqwhjudwhg/ wkhuhiruh   31 Wkh vljq
ri  ghshqgv rq zkhwkhu rxwsxw dw wkh wzr qrghv lv d corfdo vxevwlwxwh* ru corfdo frpsohphqw*1
Iroorzlqj Mrvnrz dqg Wluroh +5333,/ rxwsxw lv d corfdo vxevwlwxwh* + A 3, li dq rxwsxw lqfuhdvh dw
rqh qrgh uhgxfhv wkh sulfh dw wkh rwkhu qrgh1 Lqwhjudwlqj hqhuj| dqg wudqvplvvlrq pdunhwv wkhq
uhgxfhv sulfhv dw erwk qrghv/ zklfk lpsolhv wkdw wrwdo ghpdqg lv lqfuhdvhg/ dqg wkhuhiruh wrwdo
rxwsxw pxvw kdyh ehhq lqfuhdvhg1 Lw lv qrw jxdudqwhhg wkdw rxwsxw dw hdfk qrgh lv lqfuhdvhg/
vlqfh lw frxog dovr kdyh ehhq vxevwlwxwhg ehwzhhq wkh qrghv1 Rxwsxw lv d corfdo frpsohphqw*
+ ? 3, li rxwsxw lqfuhdvh dw rqh qrgh uhgxfhv sulfhv dw wkh rwkhu qrgh1 Orfdo frpsohphqwv duh
gxh wr wkh hhfw wkdw hohfwulf hqhuj|  rzv lq rssrvlwh gluhfwlrqv rq d olqn duh vxshulpsrvhg= D
wudqvplvvlrq olqh zlwk d wudqvplvvlrq olplw ri 4 xqlw fdq wkhuhiruh wudqvplw 5 xqlwv ri hqhuj| li
4 xqlw lv gluhfwhg lq wkh rssrvlwh gluhfwlrq1
Dvvxph q jhqhudwruv duh orfdwhg dw qrgh rqh dqg p jhqhudwruv duh orfdwhg dw qrgh wzr ri
wkh phvkhg qhwzrun1 Frvwv ri jhqhudwruv duh v|pphwulf dw hdfk qrgh exw fdq glhu ehwzhhq wkh
qrghv l @ 4> 5 dqg duh d ixqfwlrq ri lqglylgxdo rxwsxw t=
F+t, @

5
t2  ft1
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Wkh surw ixqfwlrq ri d jhqhudwru dw qrgh rqh +dqg vlplodu dw qrgh wzr, lv=
 +t, @ t
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S  .
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
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Wkh uvw rughu frqglwlrq dqg v|pphwu| ehwzhhq jhqhudwruv t @ t jlyhv=
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Frpelqlqj erwk htxdwlrqv doorzv h{suhvvlrq ri t dv d ixqfwlrq ri sdudphwhuv=
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Vhwwlqj  @ 3 dqg T @ qt +T2 @ pt2, jlyhv wkh htxloleulxp rxwsxw fkrlfh zlwk vhsdudwh hqhuj|
dqg wudqvplvvlrq pdunhwv=
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Qrz dvvxph wkdw wkh ghpdqg vorsh kdv ehhq ghqhg e| +T> S , @ +T> S,/ vxfk wkdw T fdq
vxevwlwxwhg lq wkh +45,=
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Wkh fkdqjh lq rxwsxw dv uhvxow ri lqwhjudwlrq ri hqhuj| dqg wudqvplvvlrq pdunhwv fdq qrz hdvlo|
eh fdofxodwhg=
t @ t+ @ 4, t+ @ 3, +46,
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Doo frpsrqhqwv ri +46, zloo eh srvlwlyh li rxwsxw dw erwk qrghv lv d corfdo frpsohphqw*/ doorzlqj
wkh jhqhudo sursrvlwlrq=
Sursrvlwlrq 9 Li frqvwudlqwv duh elqglqj shupdqhqwo| dqg rxwsxw dw erwk qrghv lv d corfdo frp0
sohphqw*/ rxwsxw zloo lqfuhdvh dw erwk qrghv diwhu lqwhjudwlrq ri hqhuj| dqg wudqvplvvlrq pdunhwv1
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Surri1 Li rxwsxw ri erwk qrghv lv d corfdo frpsohphqw*  A 3/ wkhuhiruh wkh qrplqdwru ri
+46, lv srvlwlyh dqg wkh ghqrplqdwru lv srvlwlyh/ dffruglqj wr Ohppd 4: +Dsshqgl{ F,1
Krzhyhu/ li rxwsxw dw erwk qrghv lv d corfdo vxevwlwxwh* wkhq  ? 3 dqg t fdq srwhqwldoo|
wxuq qhjdwlyh1 Lqvwhdg/ sulfh fkdqjhv dw erwk qrghv duh dvvhvvhg=
Sursrvlwlrq : Li frqvwudlqwv duh elqglqj shupdqhqwo| dqg rxwsxw dw erwk qrghv lv d corfdo vxe0
vwlwxwh*/ sulfhv zloo ghfuhdvh dw erwk qrghv diwhu lqwhjudwlrq ri hqhuj| dqg wudqvplvvlrq pdunhwv1
Surri1 Sulfhv +44, fkdqjh zlwk fkdqjhv lq rxwsxw ri vwudwhjlf jhqhudwruv e|
s @
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Wkh ghqrplqdwru lv srvlwlyh dffruglqj wr Ohppd 4: +Dsshqgl{ F,1 Xvlqj Ohppd 49 +Dsshqgl{
F,/ wkh eudfnhw lq wkh ghqrplqdwru ri wkh uvw whup lvnEk2nb2q2
##2
/ dqg wkh uvw whup lv wkhuhiruh
qhjdwlyh1 Lq wkh vhfrqg whup/  ? 3 iru wkh vxevwlwxwh/ dqg wkhuhiruh wkh vhfrqg whup lv qhjdwlyh
dv zhoo/ lpso|lqj wkdw s ? 31
716 Frqfoxvlrq iru frqvwudlqhg phvkhg qhwzrunv
Lqwhjudwlrq ri hqhuj| dqg wudqvplvvlrq pdunhwv iru phvkhg qhwzrunv lqfuhdvhv ghpdqg hodvwlflw|
zklfk jhqhudwruv idfh dw hdfk qrgh1 Li vwudwhjlf jhqhudwruv duh orfdwhg dw rqh qrgh/ rxwsxw zloo
eh lqfuhdvhg dqg zhoiduh lpsuryhg1 Li vwudwhjlf jhqhudwruv duh orfdwhg dw wzr qrghv/ zlwkrxw
furvv kroglqj ri rzqhuvkls/ wrwdo rxwsxw e| vwudwhjlf jhqhudwruv zloo eh lqfuhdvhg1 Li rxwsxw dw
wkh qrghv dw zklfk vwudwhjlf jhqhudwruv duh orfdwhg lv corfdo vxevwlwxwh*/ sulfhv dw erwk qrghv
zloo ghfuhdvh1 Li rxwsxw lv d corfdo frpsohphqw*/ rxwsxw ri vwudwhjlf jhqhudwruv dw erwk qrghv
zloo lqfuhdvh1 Wkh uhvxowv vxjjhvw wkdw lqwhjudwlrq ri wudqvplvvlrq dqg hqhuj| pdunhw plwljdwhv
pdunhw srzhu lq phvkhg qhwzrunv1
8 Frqfoxvlrq
Wkh sdshu dvvxphv doo sk|vlfdo wudqvplvvlrq frqwudfwv duh dftxluhg e| wudghuv dqg fdqqrw surylgh
qdqfldo lqfhqwlyhv iru jhqhudwruv wr dowhu wkhlu hqhuj| elgv dv lq Mrvnrz dqg Wluroh +5333,1
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Grhv qrgdo sulflqj zlwk lqwhjudwhg hqhuj|0dqg0wudqvplvvlrq pdunhwv wkhq glhu iurp sk|vlfdo
wudqvplvvlrq frqwudfwv/ zlwk vxevhtxhqw vhsdudwh hqhuj| pdunhwvB
Wkh txhvwlrq lv uvw dvnhg iru wkh fdvh wkdw d wudqvplvvlrq olqh ehwzhhq wzr qrghv lv vrph0
wlphv frqvwudlqhg/ dqg wkhq iru wkh fdvh ri rqh ru vhyhudo shupdqhqwo| frqvwudlqhg wudqvplvvlrq
olqhv lq d phvkhg qhwzrun zkhuh wkh glvsdwfk ri lqglylgxdo jhqhudwruv grhv qrw fkdqjh wkh vhohf0
wlrq ri olqhv wkdw lv frqvwudlqhg zkloh lw fdq fkdqjh  rz sdwwhuqv1
Lq d wzr0qrgh prgho/ L fdofxodwh vwudwhjlhv ri jhqhudwlrq frpsdqlhv iru lqwhjudwhg dqg vhsd0
udwhg hqhuj| dqg wudqvplvvlrq pdunhwv/ lqfoxglqj d pl{hg0vwudwhj| htxloleulxp zlwk irxu jhqhu0
dwruv orfdwhg dw wzr qrghv1 Wkh dqdo|vhg fdvh looxvwudwhv wkdw rxwsxw lv odujhu lq wkh lqwhjudwhg
pdunhw zlwk qrgdo sulflqj dqg d jhqhudo surri lv surylghg iru wkh fdvh ri dq xqfrqvwudlqhg
wudqvplvvlrq olqh= lqwhjudwlrq ri wudqvplvvlrq dqg hqhuj| pdunhwv plwljdwhv pdunhw srzhu dqg
lqfuhdvhv rxwsxw1
Wkh wkhru| fdq eh whvwhg zlwk dq lqgluhfw hhfw xvlqj wkh dv|pphwu| ehwzhhq suredelolw|
ri wkh sulfh glhuhqfh fdxvhg e| dq lpsruw dqg dq h{sruw frqvwudlqw ehlqj dqqxoohg e| wkh
vdph krxu ri wkh qh{w gd|1 Xvlqj wkh dv|pphwu| doorzv frpsdulvrq ryhu glhuhqw pdunhwv/
zkloh uhgxflqj wkh lpsdfw ri frxqwu|0vshflf hhfwv ri jhqhudwlrq pl{ dqg ghpdqg suroh1 Wkh
frpsdulvrq ehwzhhq wkh Jhupdq0Gxwfk lqwhufrqqhfwru 0 zlwk vhsdudwh wudqvplvvlrq dqg hqhuj|
pdunhwv 0 dqg wkh lqwhjudwhg pdunhw ehwzhhq Vzhghq dqg Qruwkhuq Qruzd|/ grhv qrw ohdg wr
wkh uhmhfwlrq ri wkh k|srwkhvlv wkdw lqwhjudwlrq plwljdwhv pdunhw srzhu1
Lq d phvkhg hohfwulflw| qhwzrun/ lqwhjudwlrq doorzv  h{leoh doorfdwlrq ri wudqvplvvlrq fdsdf0
lw|1 L vkrz wkdw Oh Fkdwholhu Vdpxhovrq*v sulqflsoh lv dssolfdeoh lq wklv fdvh zkhuh wudqvplvvlrq
sulfhv dqg orfdo hqhuj| sulfhv duh olqnhg1 Lqwhjudwlrq ri wudqvplvvlrq dqg hqhuj| pdunhwv lq0
fuhdvhv ghpdqg hodvwlflw| lq phvkhg qhwzrunv li wkh vdph wudqvplvvlrq frqvwudlqwv frqwlqxh wr
eh elqglqj1 Li jhqhudwruv zlwk pdunhw srzhu duh orfdwhg dw rqh qrgh ri dq| phvkhg qhwzrun/
wklv lqfuhdvhv zhoiduh1 Li jhqhudwruv zlwk pdunhw srzhu duh orfdwhg dw wzr ri wkh qrghv/ zlwkrxw
furvv kroglqj/ wrwdo rxwsxw zloo eh lqfuhdvhg hlwkhu li wkh qrghv duh corfdo vxevwlwxwhv* ru li wkh|
duh corfdo frpsohphqwv*1 Ixuwkhu uhvhdufk lv uhtxluhg wr hqvxuh wkdw wkh uhvxowv krog iru pdunhw
srzhu dw dgglwlrqdo qrghv/ dqg wr dvvhvv wkh lpsdfw ri jhqhudwruv* furvv kroglqj ri dvvhwv dw
vhyhudo qrghv1
Wkh hpslulfdo hylghqfh ixuwkhupruh vxssruwv Krjdq +4<<:, wkdw vhsdudwh hqhuj| dqg wudqv0
plvvlrq pdunhwv duh lqh!flhqw lq wkh suhvhqfh ri xqfhuwdlqw|1 Xvxdoo|/ vsrw pdunhwv duh vshfl0
fdoo| lqwurgxfhg wr uhyhdo sulydwh lqirupdwlrq1 Lw lv wkhuhiruh lqfrqvlvwhqw wr lqwurgxfh d vhtxhq0
wldo phfkdqlvp iru ghflvlrqv rq hqhuj| wudqvplvvlrq/ zklfk fdq rqo| zrun h!flhqwo| li wudghuv
fruuhfwo| suhglfw vsrw pdunhw sulfhv1 Jhqhudwlrq iurp zlqg/ vrodu dqg FKS kdyh rxwsxw zklfk
lv qrw suhglfwdeoh orqj0whup/ dqg lqirupdwlrq lv rqo| djjuhjdwhg lq wkh vsrw pdunhw1 Wkhuhiruh/
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d kljkhu frqwulexwlrq e| wkhvh hqhuj| vrxufhv zloo lqfuhdvh wkh lqh!flhqf| ri wkh vhsdudwh hqhuj|
dqg wudqvplvvlrq pdunhw1 Wkh vhsdudwlrq lv dovr eldvhg djdlqvw lqwhuplwwhqw jhqhudwlrq ehfdxvh
sulfhv zloo eh h{fhvvlyho| orz dw wlphv ri xqh{shfwhg kljk jhqhudwlrq1
Wklv sdshu vkrxog eh ri uhohydqfh iru hqkdqflqj frpshwlwlrq dqg lqwhjudwlqj Hxurshdq
hohfwulflw| pdunhwv/ vxjjhvwv vrph fkdqjhv wr wkh fxuuhqwo| sursrvhg mrlqw wudqvplvvlrq dxfwlrqv/
dqg pljkw frqwulexwh wr IHUF glvfxvvlrqv rq vwdqgdug pdunhw ghvljq1 D ixuwkhu dssolfdwlrq
pljkw eh lq vwudwhjlf wudgh wkhru|1 H{whqvlyh glvfxvvlrq kdv irfxvhg rq wkh glhuhqw hhfwv
ehwzhhq wdulv dqg txrwdv/ zkhuhdv wklv sdshu vxjjhvwv wkdw txrwdv fryhulqj vhyhudo surgxfw
fdwhjrulhv ru frxqwulhv lqfuhdvh hodvwlflw| ri ghpdqg ru vxsso| uhodwlyh wr qduurzo|0ghqhg txrwdv1
Wklv vkrxog lqfuhdvh frpshwlwlyhqhvv ri pdunhwv lq wkh suhvhqfh ri txrwdv1
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hqhuj| dqg wudqvplvvlrq uljkwv dxfwlrq= Sursrvdo dqg surshuwlhv1 PHHW2HSUL Frqihu0
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v|vwhpv zlwk frpshwlwlyh jhqhudwlrq1 Wkh Hqhuj| Mrxuqdo 4; Qr1 4/ 96;61
Ulw}ehujhu/ N1 +5335,1 Irxqgdwlrqv ri Qrq0Frrshudwlyh Jdph Wkhru|1 R{irug Xqlyhuvlw| Suhvv1
Ux/ O1 H1 +5334,1 Iorzjdwhv/ frqwlqjhqf|0frqvwudlqhg glvsdwfk/ dqg wudqvplvvlrq uljkwv1 Wkh
Hohfwulflw| Mrxuqdo Mdqxdu|2Iheuxdu|/ 67881
Vdpxhovrq/ S1 D1 +4<7:,1 Irxqgdwlrqv ri Hfrqrplf Dqdo|vlv1 Kduydug Hfrqrplf Vwxglhv1
Vphhuv/ \1 dqg M10\1 Zhl +4<<:d,1 Vsdwldoo| roljrsrolvwlf prgho zlwk rssruwxqlw| frvw sulflqj
iru wudqvplvvlrq fdsdflw| lq d ghuhjxodwhg hohfwulflw| lqgxvwu|1 FRUH Glvf1 Sdshu <:93 1
Vphhuv/ \1 dqg M10\1 Zhl +4<<:e,1 Vsdwldoo| roljrsrolvwlf prgho zlwk rssruwxqlw| frvw sulflqj
iru wudqvplvvlrq fdsdflw| uhvhuydwlrqv 0 d yduldwlrqdo lqhtxdolw| dssurdfk1 Fruh Glvf1 Sdshu
<:4: 1
Vwriw/ V1 +4<<;,1 Xvlqj jdph wkhru| wr vwxg| pdunhw srzhu lq vlpsoh qhwzrunv1 LHHH Wxwruldo
rq Jdph Wkhru| Dssolfdwlrqv wr Srzhu Pdunhwv1
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D H{lvwhqfh ri sxuh vwudwhj| htxloleuld
Li vwudwhjlf jhqhudwruv duh orfdwhg dw rqo| rqh lqvwhdg ri erwk qrghv dv suhylrxvo| glvfxvvhg/ wkhq
wkh lqwhuydo lq zklfk d sxuh vwudwhj| htxloleulxp grhv qrwh h{lvw lv w|slfdoo| hpsw| dqg d sxuh
vwudwhj| htxloleulxp zloo dozd|v h{lvw1
6:
Dq lqwxlwlyh h{sodqdwlrq iru wkh h{lvwhqfh ri d sxuh vwudwhj| htxloleulxp lv/ wkdw li vwudwhjlf
jhqhudwruv duh orfdwhg rqo| dw wkh h{sruwlqj qrgh wkhq wkh| gr qrw idfh d qrq0frqyh{lw| lq qhw
ghpdqg zkhq wkh h{sruw frqvwudlqw lv uhod{hg1 Li vwudwhjlf jhqhudwruv duh rqo| orfdwhg dw wkh
lpsruwlqj qrgh/ wkhq wkh| idfh d qrq0frqyh{lw|1 Krzhyhu/ lw lv qrw dv vwurqj dv li vwudwhjlf
jhqhudwruv duh orfdwhg dw erwk qrghv ehfdxvh wkh iroorzlqj hhfw lv plvvlqj/ wkdw idflolwdwhv
ghyldwlrq iurp d k|srwkhwlfdo htxloleulxp=
Li wkh k|srwkhwlfdo htxloleulxp lpsolhv d frqvwudlqhg wudqvplvvlrq olqn/ wkhq surgxfwlrq ri
jhqhudwruv dw wkh h{sruwlqj qrgh lv orzhu dqg jhqhudwruv dw wkh lpsruwlqj qrgh qhhg wr lqfuhdvh
rxwsxw dqg uhgxfh sulfhv ohvv wr idfh wkh lqwhjudwhg pdunhw1
Li wkh k|srwkhwlfdo htxloleulxp lpsolhv dq xqfrqvwudlqhg wudqvplvvlrq olqn/ wkhq surgxfwlrq
ri doo jhqhudwruv lv eljjhu dqg jhqhudwruv dw wkh lpsruwlqj qrgh kdyh wr ghfuhdvh rxwsxw e| ohvv
wr vhsdudwh wkh pdunhwv dqg idfh wkh kljkhu ghpdqg vorsh ri rqh qrgh rqo|1 Wkh uhvxowv fdq eh
vxppdul}hg lq wkh iroorzlqj wkhruhp=
Wkhruhp ; Lq d wzr0qrgh qhwzrun zlwk hodvwlf ghpdqg dw erwk qrghv dqg v|pphwulf jhqhudwruv
orfdwhg dw rqh qrgh/ d sxuh vwudwhj| Qdvk htxloleulxp dozd|v h{lvwv li +exw qrw l,   E?n(
(2K3(K2 /
zlwk  vorsh ri pdujlqdo frvwv dqg ghpdqg lqfoxglqj pd{lpxp srvvleoh wudqvplvvlrq dw qrgh l
ri= G  es1
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Ehiruh jrlqj wr wkh surri/ L ghqh orfdo Qdvk htxloleuld dv d vhw ri rxwsxw fkrlfhv ~t dqg
d sdudphwhu %/ vxfk wkdw ~t lv d Qdvk htxloleulxp li iru hdfk jhqhudwru l rxwsxw fkrlfh t lv
uhvwulfwhg wr t 5 ^t %/t. %‘1 Wr idflolwdwh qrwdwlrq/ ghpdqg lv irupxodwhg dv qhw ghpdqg zlwk
wudqvplvvlrq fdsdflw| ixoo| xwlolvhg1 Ghpdqg lqwhufhsw wkhuhiruh lqfoxghv h{shfwhg wudqvplvvlrq
N/ iurp wkh h{sruwlqj qrgh G @ D.N/ dqg wr wkh lpsruwlqj qrgh G2 @ D.GN1 Frvw ri
jhqhudwlrq lv dv ehiruh F+t, @ q2 t
2/ zlwk frqvwdqw pdujlqdo frvwv holplqdwhg e| wudqvirupdwlrq
ri wkh ryhudoo sulfh ohyho1
Surri1 Li wkh jhqhudwruv duh orfdwhg dw qrgh rqh +h{sruw, wkhq Iljxuh 6 vkrzv wkdw wkh|
idfh frqyh{ ghpdqg dv orqj dv wkh| gr qrw ghyldwh wrzdugv dq lpsruw0frqvwudlqhg vlwxdwlrq/
zklfk lv fryhuhg e| wkh glvfxvvlrq ri jhqhudwruv orfdwhg dw qrgh 5 +lpsruw,1 Frqyh{ ghpdqg
jxdudqwhhv wkdw wkh orfdo rswlpdo rxwsxw ghflvlrq +IRF, lv joredoo| rswlpdo> wkhuhiruh/ d sxuh
vwudwhj| Frxuqrw htxloleulxp h{lvwv1
Jhqhudwruv duh orfdwhg dw qrgh wzr +lpsruw,1 Li wkh| dvvxph wkdw wkh wudqvplvvlrq frqvwudlqw
lv elqglqj/ wkh| fkrrvh rxwsxw tS/ wdnlqj rxwsxw ghflvlrq t ri rwkhu +q 4, jhqhudwruv dv jlyhq
53Wkh uljkw0kdqg vlgh zloo qrw eh qhjdwlyh li }rqh wzr lv lpsruw0frqvwudlqhg1 Dvvxplqj rwkhuzlvh zrxog lpso|
(5
K5
	 (4
K4
> wkdw lv/ zlwkrxw surgxfwlrq ri vwudwhjlf jhqhudwruv rqo| xvlqj wudqvplvvlrq fdsdflw| iru wudqvsruwv iurp
qrgh rqh wr wzr/ wkh sulfh lq wkh lpsruwlqj uhjlrq wzr lv orzhu wkdq lq wkh h{sruwlqj uhjlrq rqh/ ylrodwlqj wkh
dvvxpswlrq ri d elqglqj lpsruw frqvwudlqw1
6;
wr pd{lplvh surwv lq wkhlu orfdo pdunhw zlwk frqvwdqw lpsruwv=
+tS, @
G2  +q 4,t  tS
e2
tS 

5
t2S / +47,
dqg/ xvlqj v|pphwu| dprqj jhqhudwruv/ fkrrvh rxwsxw=
tS @
G2
q. 4 . e2
= +48,
Li jhqhudwruv dvvxph wkdw wkh wudqvplvvlrq frqvwudlqw zloo qrw eh elqglqj/ wkh| dqwlflsdwh idflqj
wkh ghpdqgv ri wkh lqwhjudwhg pdunhw dqg pd{lplvh surwv=
+t, @
G .G2  +q 4,t  t
e . e2
t 

5
t2/ +49,
uhvxowlqj lq rxwsxw fkrlfh=
t @
G .G2
q. 4 . +e . e2,
= +4:,
Lv wkh wudqvplvvlrq olqn lv frqvwudlqhg +xqfrqvwudlqhg, li doo jhqhudwruv fkrrvh rxwsxw tS +t,B
Xvlqj t +4:, dqg tS +48, wkh frqglwlrq tS ? t lv vdwlvhg iru=
 ?
+q. 4,G
G2e Ge2
= +4;,
Dvvxph wkh wudqvplvvlrq olqn lv frqvwudlqhg li jhqhudwruv fkrrvh t/ wkhq tS ? t jxdudqwhhv
wkdw lw lv dovr frqvwudlqhg iru tS> tS wkhuhiruh uhsuhvhqwv d orfdo frqvwudlqhg htxloleulxp1 Rq wkh
rwkhu kdqg/ dq xqfrqvwudlqhg olqn diwhu d fkrlfh ri tS dqg tS ? t hqvxuhv wkh h{lvwhqfh ri d orfdo
xqfrqvwudlqhg htxloleulxp zlwk rxwsxw fkrlfh t= Li d orfdo Qdvk htxloleulxp h{lvwv/ wkhq lw lv
hlwkhu d Qdvk htxloleulxp ru ghyldwlrqv duh srvvleoh1 Li ghyldwlrqv duh srvvleoh/ Ohppdv < dqg
43 jxdudqwhh wkh h{lvwhqfh ri d Qdvk htxloleulxp1
Ohppd < Li ghyldwlrqv iurp d orfdo Qdvk htxloleulxp zlwk frqvwudlqhg wudqvplvvlrq olqn duh
surwdeoh/ d orfdo Qdvk htxloleulxp zlwk xqfrqvwudlqhg wudqvplvvlrq olqn h{lvwv +L,/ dqg lv d Qdvk
htxloleulxp +LL,1
Surri1 +L, Dvvxph wkh surwdeoh ghyldwru iurp d orfdo Qdvk htxloleulxp zlwk frqvwudlqhg
wudqvplvvlrq olqn +frqvwudlqhg orfdo Qdvk htxloleulxp, uhgxfhv rxwsxw1 Surwdeoh ghyldwlrq lv
rqo| srvvleoh ehfdxvh ri wkh qrq0frqyh{lw| lq ghpdqg zkhq wkh wudqvplvvlrq frqvwudlqw lv uhod{hg1
Wkhuhiruh/ djjuhjdwh surgxfwlrq diwhu ghyldwlrq pxvw uhvxow lq d uhod{hg wudqvplvvlrq frqvwudlqw1
Gxulqj wkh ghyldwlrq/ wkh surwv ri wkh ghyldwru rqo| duh pd{lplvhg> kh fkrrvhv rxwsxw
dffruglqj wr wkh dgglwlrqdo ghpdqg ri wkh lqwhjudwhg pdunhw dv li kh zhuh d prqrsrolvw1 Li
doo jhqhudwruv dqwlflsdwh wkh ghyldwlrq/ wkh| zloo fkrrvh dq roljrsrolvw rxwsxw/ zklfk lv pruh
frpshwlwlyh dqg wkhuhiruh eljjhu1 Wklv hhfw lv hqkdqfhg ehfdxvh ri kljkhu ghpdqg hodvwlflw| ri
6<
wkh lqwhjudwhg pdunhw1 Wkhuhiruh/ wkh lpsruw frqvwudlqw vwd|v uhod{hg dqg d xqfrqvwudlqhg orfdo
Qdvk htxloleulxp h{lvwv1
+LL, Ghyldwlrq iurp wkh frqvwudlqhg orfdo Qdvk htxloleulxp lv surwdeoh> wkhuhiruh/ d jhq0
hudwru dqwlflsdwlqj d frqvwudlqhg olqn pdnhv orzhu surwv wkdq d jhqhudwru dqwlflsdwlqj dq xq0
frqvwudlqhg olqn1 Lq wkh pryh iurp wkh frqvwudlqhg wrzdugv wkh xqfrqvwudlqhg orfdo Qdvk htxl0
oleulxp/ rxwsxw To ri wkh uhpdlqlqj jhqhudwruv lqfuhdvhv1 Dffruglqj wr Ohppd 44/ dq lqfuhdvh
lq To uhgxfhv surwv ri d jhqhudwru dqwlflsdwlqj d frqvwudlqhg olqn pruh wkdq lw uhgxfhv surwv
ri d jhqhudwru dqwlflsdwlqj dq xqfrqvwudlqhg olqn1 Wkhuhiruh/ lq wkh xqfrqvwudlqhg orfdo Qdvk
htxloleulxp/ surwv ri d jhqhudwru dqwlflsdwlqj d frqvwudlqhg olqn duh orzhu wkdq surwv ri d
jhqhudwru dqwlflsdwlqj dq xqfrqvwudlqhg olqn/ ghyldwlrq lv qrw surwdeoh/ dqg wkh xqfrqvwudlqhg
orfdo Qdvk htxloleulxp lv d Qdvk htxloleulxp1
Ohppd 43 Li ghyldwlrqv iurp d orfdo Qdvk htxloleulxp zlwk xqfrqvwudlqhg wudqvplvvlrq olqn duh
surwdeoh dqg jhqhudwruv duh v|pphwulf zlwk pdujlqdo frvw fxuyh vdwlvi|lqj   E?n((2K3(K2 / d
orfdo Qdvk htxloleulxp zlwk frqvwudlqhg wudqvplvvlrq olqn h{lvwv +L, dqg lv d Qdvk htxloleulxp
+LL,1
Surri1 +L, Li d ghyldwlrq iurp wkh xqfrqvwudlqhg htxloleulxp lv wr eh surwdeoh/ wkh lq0
whufrqqhfwru pxvw eh frqvwudlqhg li +q  4, fkrrvh t dqg rqh jhqhudwru uhgxfhv rxwsxw t_ wr
frqvwudlq wkh lqwhufrqqhfwlrq= t_ ? t1 Li wkh uhpdlqlqj jhqhudwruv uhgxfh rxwsxw tS hyhq ixuwkhu
tS ? t_ zkhq wkh| dqwlflsdwh wkh frqvwudlqw/ d orfdo frqvwudlqhg htxloleulxp h{lvwv1
Vxevwlwxwlqj t iurp +4:, iru t lq wkh surw ixqfwlrq +49, dqg fdofxodwlqj wkh IRF jlyhv wkh
ghyldwlqj rxwsxw fkrlfh=
t_ @
G2  +q 4,
(n(2
?nnEKnK2q
5 . e2
1 +4<,
Vxevwlwxwlqj +4:,/+48, dqg +4<, lq qtS ? +q 4,t . t_ jlyhv=
 ?
+q. 4,G
eG2  e2G
1
+LL, Jlyhq qtS ? +q 4,t . t_ dqg t_ ? t lw iroorzv wkdw tS ? t1 Rxwsxw ri ihoorz jhqhudwruv
To lv uhgxfhg zkhq wkh| dqwlflsdwh d frqvwudlqhg udwkhu wkdq xqfrqvwudlqhg wudqvplvvlrq olqn1
Dffruglqj wr sursrvlwlrq 44/ wkh surwv iurp fkrrvlqj rxwsxw uhvxowlqj lq d frqvwudlqhg olqn
duh wkhuhe| lqfuhdvhg pruh wkdq surwv iurp fkrrvlqj dq rxwsxw uhvxowlqj lq dq xqfrqvwudlqhg
olqn1 SJ?r|o@?e_ A ?SJ?r|o@?e_1 Jlyhq wkdw fkrrvlqj rxwsxw wkdw uhvxowv lq d frqvwudlqhg
olqn zdv pruh surwdeoh dw wkh vwduw= SJ?r|o@?e_ A ?SJ?r|o@?e_/ lw lv hyhq pruh vr diwhu ihoorz
jhqhudwruv dgrswhg wkhlu rxwsxw fkrlfh=
SJ?r|o@?e_ .SJ?r|o@?e_ A ?SJ?r|o@?e_ .?SJ?r|o@?e_/
dqg wkhuhiruh wkh orfdo frqvwudlqhg htxloleulxp lv d Qdvk htxloleulxp1
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Ohppd 44 Surwv ri d jhqhudwru  ghfuhdvh pruh vorzo| zlwk rxwsxw lqfuhdvh ri uhpdlqlqj
jhqhudwruv To li kh fkrrvhv wkh rxwsxw vxfk wkdw wkh olqn vwd|v xqfrqvwudlqhg wkdq li kh frqvwudlqv
wkh olqn= YZSJ?r|o@?e_
Y’o
? YZ?SJ?r|o@?e_
Y’o
1
Surri1 D jhqhudwru dqwlflsdwhv wkh uhpdlqlqj jhqhudwruv zloo surgxfh To1 Li kh lqwhqgv wr
frqvwudlq wkh wudqvplvvlrq olqn/ kh pd{lplvhv +47, fkrrvlqj rxwsxw t @ (23’o2nK2q dqg pdnhv surwv
SJ?r|o@?e_ @
+G2 To,
2
5e2 +5 . e2,
=
Li/ dowhuqdwlyho|/ kh lqwhqgv qrw wr frqvwudlq wkh wudqvplvvlrq olqn/ wkhq e| pd{lplvlqj +49, kh
pdnhv surwv
?SJ?r|o@?e_ @
+G2 .G To,
2
5 +e . e2, +5 . +e . e2,,
=
Xvlqj wkhvh ixqfwlrqv YZSJ?r|o@?e_
Y’o
? YZ?SJ?r|o@?e_
Y’o
fdq eh zulwwhq dv ’o3(2
K2E2nK2q
? ’o3(23(EKnK2E2nEKnK2q
ru (2n(3’oEKnK2E2nEKnK2q ?
(23’o
K2E2nK2q
ru
R?|eoSeR|b?SJ?
2nK2qnKq
?
R?|eoSeR|bSJ?r|
2nK2q
1 Wkh odvw lqhtxdolw| lv vdwlvhg
ehfdxvh s?|eoSeR|b?SJ? ? s?|eoSeR|bSJ?r|1 Wkh frqvwudlqhg ghpdqg ixqfwlrq lqwhufhswv zlwk
surgxfwlrq To ri uhpdlqlqj jhqhudwruv deryh wkh lqwhufhsw ri xqfrqvwudlqhg ghpdqg ixqfwlrq
zlwk To= Rwkhuzlvh/ wkh jhqhudwru frxog qrw lq xhqfh wkh frqvwudlqw*v vwdwxv +dqg wkh frqvwudlqhg
htxloleulxp zrxog eh d joredo Qdvk htxloleulxp,1
E Surriv ri sursrvlwlrqv uhtxluhg iru hpslulfdo whvw
Surri ri sursrvlwlrq 5= Wudqvplvvlrq dqg hqhuj| pdunhwv duh lqwhjudwhg dqg wzr jhqhudwruv
zlwk frqvwdqw pdujlqdo frvwv duh orfdwhg dw hdfk ri wzr qrghv/ ghpdqg lv olqhdu dqg ghpdqg vkliwv
ehwzhhq wkh vdph krxu ri frqvhfxwlyh gd|v duh glvwulexwhg v|pphwulfdoo| durxqg 31 Wkh vorsh
ri ghpdqg ri wkh odujhu pdunhw h{fhhgv n
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2 vorsh ri ghpdqg dw wkh vpdoohu pdunhw1 Wkhq wkh
suredelolw| ri sulfh glhuhqfh s iurp dq lpsruw frqvwudlqw lqwr wkh vpdoohu pdunhw wr ydqlvk e|
wkh vdph krxu qh{w gd| lv kljkhu wkdq wkh suredelolw| ri dq lqyhuvh sulfh glhuhqfh s/ fdxvhg
e| dq h{sruw frqvwudlqw/ wr ydqlvk e| wkh vdph krxu qh{w gd|1
Surri1 Ghpdqg dw wkh qrgh zlwk vwhhshu ghpdqg fxuyh +vpdoohu pdunhw, lv D . G  s
zkhuh G lv wkh sdudphwhu zklfk lv vkliwhg wr uhsuhvhqw ghpdqg fkdqjhv +Qrwh wkdw G/ qrw G/
lv glvwulexwhg v|pphwulfdoo| durxqg 3,/ dqg ghpdqg dw wkh rwkhu qrgh lv D  us zlwk u A 41
Ohppd 46 vkrzv wkdw/ li wkh vpdoohu pdunhw lv lpsruwlqj dqg sulfh glhuhqfh ehwzhhq wkh qrghv
lv s/ G pxvw eh ghfuhdvhg e|
Gr @

9 . 7u  8u
s
+4 . u, 5u2

5u +6 . 7u,

D.N

. 6s
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wr hqvxuh wkdw wkh xqfrqvwudlqhg vlwxdwlrq lv pruh surwdeoh1 Ohppd 45 vkrzv wkdw/ li wkh odujhu
pdunhw lv lpsruwlqj/ G pxvw eh lqfuhdvhg e|=
G, @
4
s
+4 . u,
5u

D.N

. 6s>
wr pdnh ghyldwlrqv iurp wkh lpsruw frqvwudlqw surwdeoh dqg khqfh uhpryh wkh frqvwudlqhg htxl0
oleulxp1 Wkh fkdqjhv lqG duh djdlq v|pphwulfdo dqg olqhdu lqs/ exw wkh vpdoo frxqwu| uhtxluhv
vpdoohu fkdqjhv lq G wr doorz surwdeoh ghyldwlrq1 Qrz pdnh vxuh wkdw/ lq wkh fkdqjh wrzdugv
dq xqfrqvwudlqhg htxloleulxp iurp frqvwudlqw/ wkh vpdoo lpsruwlqj frxqwu| lv hyhq vpdoohu wkdq
wkh fkdqjh wr pdnh dq lpsruwlqj/ odujh frxqwu| ghyldwh iurp d frqvwudlqw vlwxdwlrq=
Gr ? G,1
Wkh lqhtxdolw| lv vdwlvhg li u A n
I
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2 dqg sdudphwhuv D>N duh srvlwlyh 0 lpso|lqj wkdw wkh wzr
qrghv kdyh wr eh vx!flhqwo| dv|pphwulf wr vdwlvi| wkh vwurqj frqglwlrqv vhw1
Wkh vdph dujxphqwdwlrq fdq eh dssolhg wr ghpdqg fkdqjhv dw wkh odujh qrgh +uhsodfh D e|
DG, dqg wkh uhvxowv duh uhsolfdwhg1 Wkh prgho lv olqhdu lq ghpdqg fkdqjhv> wkhuhiruh/ ghpdqg
fkdqjhv dw erwk qrghv uhvxow lq d olqhdu vxshusrvlwlrq/ dqg wkh uhvxow lv wkhuhiruh jhqhudo1
Ohppd 45 Li wkh vpdoohu pdunhw lv h{sruwlqj dqg sulfh glhuhqfh ehwzhhq wkh qrghv lv s/ G
pxvw eh lqfuhdvhg e|
G, @
4 . 5u  5
s
+4 . u, u
u

DN

 6s/
wr pdnh ghyldwlrq surwdeoh1
Surri1 Lq d Frxuqrw jdph/ jhqhudwruv lq wkh lpsruw frqvwudlqw odujh qrgh fkrrvh rxwsxw
t?/ uhvxowlqj lq sulfhv s? dqg surwv ?=
t? @
DN
6
/ s? @
DN
6u
/ ? @
4
u

DN
6
2
1 +53,
Li dq lpsruwlqj jhqhudwru ghyldwhv wrzdugv dq xqfrqvwudlqhg vlwxdwlrq/ rswlpdo rxwsxw fkrlfh
zrxog eh t_/ uhvxowlqj lq surwv _=
t_ @
4
9

6D.G N

> s_ @
4
9
6D.G N
4 . u
> _ @
4
4 . u

6D.G N
9
2
1 +54,
Li _ A ?/ ghyldwlrq lv qrw rqo| surwdeoh exw wkh wudqvplvvlrq frqvwudlqw lv qr orqjhu elqglqj
hlwkhu/ dqg ghyldwlrq lv wkhuhiruh ihdvleoh +Vhh Iljxuh 6,1 Vxevwlwxwlqj +53, dqg +54, lq _ A ?
doorzv fdofxodwlrq ri pdujlqdo ydoxh G6/ deryh zklfk ghyldwlrqv duh surwdeoh=
G6 @ N  6D. 5

DN
u4 . u
u
=
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Li wkh frqvwudlqw lv elqglqj/ sulfh dw wkh h{sruwlqj qrgh se/ dqg wkhuhiruh sulfh glhuhqfh s wr
lpsruwlqj qrgh s? +53,/ lv=
se @
D.G .N
6
s @
5D

D.N

+4 . u,Gu
6u
1
Lqyhuwlqj s jlyhv G+s,=
G+s, @ 
6su D.Du .N .Nu
u
>
dqg doorzv iru fdofxodwlrq ri wkh vkliw lq ghpdqg uhtxluhg wr idflolwdwh ghyldwlrq iurp wkh lpsruw
frqvwudlqw G, @ G+s,G61
Ohppd 46 Li wkh vpdoohu pdunhw lv lpsruwlqj dqg sulfh glhuhqfh ehwzhhq wkh qrghv lv s/ G
pxvw eh lqfuhdvhg e|=
Gr @

D.N
 
9 . 7u  8u
s
+4 . u, 5u2

5u +6 . 7u,
. 6s>
wr pdnh wkh xqfrqvwudlqhg vlwxdwlrq dq htxloleulxp1
Surri1 Rxwsxw dqg surw lq dq lqwhjudwhg pdunhw duh=
t @
5D.G
8
>  @
4
4 . u

5D.G
8
2
=
D jhqhudwru dw wkh lpsruwlqj qrgh uhgxflqj rxwsxw wr frqvwudlq wkh olqn fkrrvhv=
t_ @
6D. 7G  8N
43
> _ @

6D. 7G  8N
43
2
=
Ghyldwlrq lv surwdeoh dqg ihdvleoh li _ A / zklfk lpsolhv wkdw=
G A G6 @
+4 . u,

43N  5D

 7Du . 8
s
+4 . u,

D.N

9 . ;u
=
Li wkh frqvwudlqw lv elqglqj/ sulfh dw wkh h{sruwlqj qrgh lv se/ dw wkh lpsruwlqj qrgh s dqg sulfh
glhuhqfh lv s=
se @
D.N
6u
s @
DN .G
6
s @
5Du .Gu 

D.N

+4 . u,
6u
Lqyhuwlqj s jlyhv G+s,=
G+s, @ 
6su .Du DN Nu
u
>
dqg doorzv iru fdofxodwlrq ri wkh vkliw lq ghpdqg uhtxluhg wr idflolwdwh ghyldwlrq iurp wkh lpsruw
frqvwudlqw Gr @ G+s,G61
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Surri ri sursrvlwlrq rqh0qrgh pdunhw srzhu=6 Wudqvplvvlrq dqg hqhuj| pdunhwv duh
lqwhjudwhg dqg wzr jhqhudwruv zlwk frqvwdqw pdujlqdo frvwv  duh orfdwhg dw rqh qrgh zlwk ghpdqg
D.Gs zklfk lv lqwhufrqqhfwhg zlwk d olqn ri wudqvplvvlrq fdsdflw| N wr d frpshwlwlyh pdunhw
zlwk qhw ghpdqg Dus zlwk 3 ? u dqg 5
s
+4 . u, ? k
ng
u1 Wkh suredelolw| ri sulfh glhuhqfh
s/ fdxvhg e| dq lpsruw frqvwudlqw wr wkh qrgh zhuh wkh roljrsro| lv orfdwhg/ wr ydqlvk e| wkh
vdph krxu qh{w gd| lv kljkhu wkdq wkh suredelolw| wkdw d sulfh glhuhqfh s> fdxvhg e| dq h{sruw
frqvwudlqw/ wr ydqlvk e| wkh vdph krxu ri wkh qh{w gd|1
Surri1 Dqdorjxh wr Sursrvlwlrq 5 lw pxvw eh vkrzq wkdw= GU ? G.= Vxevwlwxwlqj iurp
Ohppd 47 dqg 48/ wklv jlyhv wkh frqglwlrq 5
s
+4 . u, ? k
ng
u1
Ohppd 47 Li wkh gxrsro| pdunhw lv h{sruwlqj dqg sulfh glhuhqfh ehwzhhq wkh qrghv lv s/ G
pxvw eh lqfuhdvhg e|
G. @ 6s/
wr uhvroyh wkh wudqvplvvlrq frqvwudlqw1
Surri1 Li wkh wudqvplvvlrq frqvwudlqw lv elqglqj/ lq wkh roljrsro| prgho sulfhv lq h{sruwlqj
qrgh se dqg lpsruwlqj qrgh s uhvxow lq sulfh glhuhqfh s=
se @
D.G .N . 5
6
s @
DN
u
s @
DN
u

D.G .N . 5
6
Lqyhuwlqj wkh htxdwlrq iru s jlyhv wkh ghpdqg fkdqjh uhtxluhg wr uhvroyh wkh wudqvplvvlrq
frqvwudlqw1
Ohppd 48 Li wkh gxrsro| pdunhw lv lpsruwlqj dqg sulfh glhuhqfh ehwzhhq wkh qrghv lv s/ G
pxvw eh ghfuhdvhg e|
GU @ 6s 6.
5
s
+4 . u,
u

D.N

/
wr uhvroyh wkh wudqvplvvlrq frqvwudlqw1
Surri1 Rxwsxw fkrlfh dqg surwv lq wkh lpsruw frqvwudlqw vlwxdwlrq
t @
D.G N  
6
S @

D.G N  
6
2
1
Zkhq pdunhwv duh lqwhjudwhg/ rxwsxw fkrlfh dqg surwv duh
t @
5D.G  
6
 @ +4 . u,

5D.G  
6 . 6u
2
1
Wkh xqfrqvwudlqhg htxloleulxp lv suhihuuhg li  A S/ zlwk wkh pdujlqdo ghpdqg glhuhqfh G6
ri
G6 @
Du .Nu . u .

4 . 4
s
+4 . u,
 
D.N

u
1
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Dvvxplqj frqvwudlqw lv elqglqj/ wkh sulfh glhuhqfh ehwzhhq wkh qrghv lv=
s @
D.G N . 5
6

D.N
u
1
Lqyhuwlqj jlyhv G+s, dqg doorzv iru fdofxodwlrq ri G @ G+s,G6=
Surri ri sursrvlwlrq 7= Dvvxph wudqvplvvlrq dqg hqhuj| pdunhwv duh vhsdudwhg/ frvwv duh
txdgudwlf/ ghpdqg lv olqhdu dqg ghpdqg vkliwv ehwzhhq wkh vdph krxu ri frqvhfxwlyh gd|v duh
glvwulexwhg v|pphwulfdoo| durxqg 31 Wkhq wkh suredelolw| ri sulfh glhuhqfh s/ fdxvhg e| dq
lpsruw frqvwudlqw/ wr ydqlvk e| wkh vdph krxu qh{w gd| htxdov wkh suredelolw| ri sulfh glhuhqfh
s> fdxvhg e| dq h{sruw frqvwudlqw/ wr ydqlvk1
Surri1 Dvvxph wzr qrghv l @ 4> 5 zlwk q jhqhudwruv/ vorsh ri pdujlqdo frvw fxuyh  dqg
ghpdqg D  es dqg wudqvplvvlrq fdsdflw| N> wkhuhiruh/ Frxuqrw sulfhv lq wkh fdvh ri elqglqj
wudqvplvvlrq frqvwudlqw duh=
s @
+4 . e,

D 	N

e +q . 4 . e,
1
Li wkh wudqvplvvlrq lv frqvwudlqhg/ qrgdo sulfhv glhu s @ ss21 Li wkh wudqvplvvlrq frqvwudlqw
lv wr eh uhvroyhg/ ghpdqg lqwhufhsw D dw rqh ru wzr ri wkh qrghv pxvw vkliw e| dw ohdvw D>D2/
vxfk wkdw
s 
+4 . e22,
e2 +q2 . 4 . e22,
D2 
4 . e
e +q . 4 . e,
D=
Wkh htxdwlrq lv olqhdu lq D dqg D2 dv orqj dv ghpdqg lv olqhdu1 Wkh ghpdqg vkliw uhtxluhg
wr uhvroyh d frqvwudlqw uhvroylqj d sulfh glhuhqfh s lv rssrvlwh wr wkh ghpdqg vkliw uhtxluhg
wr uhvroyh d sulfh glhuhqfh s1
F Ohppdv uhjduglqj rxwsxw fkrlfh
Ohppd 49 + . , +2 . 2, @ 21
Surri1 Li wkh pdunhwv duh lqwhjudwhg/ dq rxwsxw fkdqjh t uhvxowv lq sulfh fkdqjh s2 @
{^
#2
1 Wklv sulfh fkdqjh fruuhvsrqgv wr wkh sulfh fkdqjh zklfk zrxog eh eurxjkw derxw e|
dq rxwsxw fkdqjh dw qrgh wzr ri t2 @ +2 . 2,s2 @ +2 . 2,
{^
#2
1 Vxfk dq rxwsxw
fkdqjh zrxog kdyh uhvxowhg lq d fkdqjh lq ghpdqg dw qrgh rqh ri t @ + . ,
{^2
#
@
+ . ,

#
+2 . 2,
{^
#2
1
Ohppd 4: Wkh ghqrplqdwru lv srvlwlyh
Surri1 Ohppd 49 vkrzv wkdw + . , +2 . 2, @ 2 dqg wkhuhiruh
q. 4
 . 
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
p. 4
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p
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q
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A
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
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q
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G Lqwhjudwlrq lqfuhdvhv vorsh ri qhw ghpdqg
Wklv vhfwlrq uvw jlyhv dq lqwurgxfwlrq wr  rz fdofxodwlrq dffruglqj wr Erkq/ Fdudpdqlv dqg
Vfkzhssh +4<;7, dqg wkhq surylghv wkh surri iru wkhruhp 81 Qhw ghpdqg S dw dq| qrgh l htxdov
ghpdqg G plqxv vxsso| \c e| doo jhqhudwruv m orfdwhg dw wkh qrgh=
S @ G 
[

\c=
Jlyhq wkh qhw ghpdqg dw hdfk qrgh/ srzhu  rzv rq wkh qhwzrun duh ghwhuplqhg hqwluho| e| wkh
sk|vlfdo fkdudfwhulvwlfv ri wkh qhwzrun1 Wkhvh fkdudfwhulvwlfv fdq eh uhsuhvhqwhg e| d wudqvihu
dgplwwdqfh pdwul{ K/ zklfk lv d frqvwdqw lq wkh GF dssur{lpdwlrq1 Lw lv d ixqfwlrq ri wkh
uhvlvwdqfh ri wkh olqnv dqg doorzv wkh fdofxodwlrq ri wkh yhfwru
$
] ri  rzv rq doo olqnv dv d
ixqfwlrq ri qhw0ghpdqg
$
S rq wkh qrghv=
$
] @ K
$
S 1 +55,
Wkh odz ri hqhuj| frqvhuydwlrq lpsolhv wkdw wkh glhuhqfh ehwzhhq lqvhuwhg hqhuj| dqg zlwkgudzq
hqhuj| htxdov qhwzrun orvvhv zklfk L zloo vhw wr }hur wr vlpsoli| vxevhtxhqw fdofxodwlrqv1[
c
\c 
[

G @ 
[

S @ O= +56,
Wkh v|vwhp uhsuhvhqwhg e| +55, dqg +56, lv ryhughwhuplqhg dqg rqh htxdwlrq fdq eh gursshg e|
uhzulwlqj wudqvihu pdwul{ K/ vxfk wkdw urz l rqo| frqwdlqv 31 Qrgh l lv fdoohg wkh vzlqj exv dqg
L dvvxph/ zlwkrxw orvv ri jhqhudolw|/ wkdw wkh vzlqj exv lv qrgh rqh l @ 41 Fkdqjhv ri S zloo
qrw gluhfwo| lq xhqfh
$
] lq +55,/ exw dffruglqj wr +56,/ wkh| dffrpsdq| fkdqjhv ri S / m 9@ 4/
dqg wkhuhe| *lqgluhfwo|* lq xhqfh
$
] lq +55,1
Wkh wudqvihu dgplwwdqfh pdwul{ +55, doorzv fdofxodwlrq ri wkh hhfw ri ghpdqg fkdqjhv rq
olqn  rzv=
C]&
CG
@ k&c
C2]&
CGCG
@ 3 ;l> m> n=
Wkh v|vwhp rshudwru ghwhuplqhv qrgdo sulfhv dv li doo hqhuj| elgv zhuh frpshwlwlyho| sulfhg dqg
kh zhuh wr pd{lplvh vrfldo vxusoxv1 Wklv lv lpsohphqwhg e| pd{lplvlqj wkh vxp ri vkruw uxq
ydoxh dgghg ixqfwlrqv iru fxvwrphuv I dw doo qrghv/ zkloh vdwlvi|lqj wkh fdsdflw| frqvwudlqwv ri
jhqhudwruv \c  \ c dqg wudqvplvvlrq olqnv ]& ? ]& ? ]&1 Hhfwlyho| wkh v|vwhp rshudwru
pd{lplvhv wkh iroorzlqj Odjudqjldq +57,=
’ @
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Wkh Odjudqjh sdudphwhuv fdq eh lqwhusuhwhg dv pdujlqdo surgxfwlrq frvwv ri doo jhqhudwruv/ c /
hqhuj| sulfhv dw wkh vzlqj exv/ / vfduflw| suhplxpv ri jhqhudwruv/ c / dqg vfduflw| uhqw ri
wudqvplvvlrq olqhv lq hlwkhu gluhfwlrq/ &cn dqg &c31 wkh pd{lplvdwlrq ri wkh1 D wudqvplvvlrq
olqh fdq rqo| eh frqvwudlqhg lq rqh gluhfwlrq/ wkhuhiruh ghqh & @ &cn  &c31 Ghpdqg G dw
dq| qrgh l lv dvvxphg wr eh d ixqfwlrq ri orfdo sulfhv s/ glhuhqwldeoh/ dqg frqyh{ lq s1
CG
Cs
@ +s,/
CG
Cs
@ 3 iru l 9@ m1 +58,
Wkh IRF ri +57, zlwk uhvshfw wr G vkrzv wkdw wkh orfdo sulfh s htxdov wkh hqhuj| sulfh dw wkh
vzlqj exv/ vfdohg e| wkh orfdo orvvhv/ soxv wkh pdujlqdo frqvwudlqw frvwv=
s @
CI +G,
CGl
@ 

4 .
CO
CG

.
[
&
&
C]&
CG
/ ;l +59,
zkhuh Y~&
Y(
@ k&c= Wkh IRF
Ym
Y#&cn
@ 3 ru Ym
#&c3
@ 3 jlyh lq wkh fdvh ri d elqglqj frqvwudlqw=
]& @ ]& li &cn A 3/ ]& @ ]& li &c3 A 31 +5:,
Hhfwlyh qhw ghpdqg idflqj jhqhudwru m dw qrgh l htxdov Q @ G 
S
6’ \c6 dqg iru qrgh
o 9@ l lv Q, @ S, @ G, 
S
6 \,c61 Lq Frxuqrw frpshwlwlrq/ wkh rxwsxw ri rwkhu jhqhudwruv lv
sulfh lqhodvwlf/ dqg lv wkhuhiruh lqfoxghg lq Q 1 Frpshwlwlyh jhqhudwruv ru jhqhudwruv vxeplwwlqj
d vxsso| ixqfwlrq kdyh d sulfh hodvwlf rxwsxw1 Wkhlu orfdo vxsso| vorsh lv dgghg wr ghpdqg vorsh
+s, dv ghqhg lq +58,1 Rxwsxw lqfuhdvh dw kljkhu sulfhv lv htxlydohqw wr ghpdqg ghfuhdvh dw
kljkhu sulfhv1 Wkh |0d{lv lqwhufhsw ri wkh olqhdu dssur{lpdwlrq ri jhqhudwru vxsso| ixqfwlrq ru
pdujlqdo frvw fxuyh lv dgghg wr Q1
54
Wr vlpsoli| vxevhtxhqw fdofxodwlrqv/ dvvxph wkdw wkh jhqhudwru zkrvh rxwsxw ghflvlrq lv
dqdo|vhg lv orfdwhg dw wkh vzlqj exv l @ 41 Qrwdwlrq lv vlpsolhg e| vhwwlqj |  \c 1 Xvlqj
+56, dqg O @ 3 jlyhv/ [
Q @ |1 +5;,
Dvvxph wkdw rqo| frqvwudlqw ]& lv elqglqj/ wkhuhiruh  @ 3 iru l 9@ n dqg & 9@ 3/ vr s @ .&k&c
iurp +59,1 Qrwdwlrq lv ixuwkhu vlpsolhg e| ghqlqj k  k&c dqg ] @ ]&1 Htxdwlrqv +55, dqg
+5:, jlyh
] @
[

kQ  k| @
[

kQ/ +5<,
zkhuh wkh vhfrqg htxdolw| iroorzv iurp k @ 3/ dv qrgh 4 lv wkh vzlqj exv1 Xvlqj +59, zklfk qrz
vlpsolhv wr s @ . &k jlyhv iru l @ 4 wkdw s @  dqg doorzv holplqdwlrq ri &=
+s2  s,k @ +s  s,k2 ;l @ 6> ==> q= +63,
54Zh gr qrw uhtxluh d olqhdu vxsso| ixqfwlrq ru olqhdu lqfuhdvlqj frvw fxuyh ri frpshwlwlyh jhqhudwruv1 Dv zh rqo|
qhhg wkh uvw rughu frqglwlrqv/ d olqhdu dssur{lpdwlrq surylghv iru dq h{dfw uhsuhvhqwdwlrq ri wkh orfdo ehkdylrxu1
7:
Wkh suhylrxv htxdwlrqv doorz wkh fdofxodwlrq ri wkh hhfwlyh ghpdqg hodvwlflw| zklfk d jhqhudwru
dw qrgh rqh idfhv/
Glhuhqwldwlqj +5<, zlwk uhvshfw wr | dqg xvlqj +58, jlyhv
?[
’
k
gs
g|
@ 3= +64,
Glhuhqwldwlqj +5;, zlwk uhvshfw wr | dqg xvlqj +58, jlyhv
?[
’

gs
g|
@ 4= +65,
Ilqdoo|/ glhuhqwldwlqj +63, zlwk uhvshfw wr | jlyhv=
k2
gs
g|
@ +k2  k,
gs
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. k
gs2
g|
+66,
Sulfhv dw dq| qrghv l fdq fkdqjh zlwk rxwsxw ri d jhqhudwru dw/ iru h{dpsoh/ wkh vzlqj exv 41
Dv sulfh glhuhqfhv ehwzhhq qrghv ghwhuplqh wudqvsruwdwlrq fkdujhv/ wklv uhsuhvhqwv Krjdq*v
revhuydwlrq wkdw wudqvsruwdwlrq sulfhv duh erwk hqgrjhqrxv dqg qrw wdnhq dv jlyhq e| wkh
Frxuqrw sduwlflsdqwv +4<<:,1 Lqvhuwlqj +66, lq +64, jlyhv
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@ 3= +67,
Lqvhuwlqj +66, lq +65,
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@ 4 +68,
Frpelqlqj +67, dqg +68, jlyhv dq dqdo|wlf h{suhvvlrq iru wkh hhfwlyh ghpdqg vorsh zklfk d
jhqhudwru idfhv dw qrgh 41 H{sdqg wr jlyh wkh qhw ghpdqg hodvwlflw| % @ R
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% @
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1 +69,
Lq rughu wr dvvhvv zkhwkhu wkh hhfwlyh hodvwlflw| lv juhdwhu ru vpdoohu wkdq wkh ghpdqg hodvwlflw|
wkh jhqhudwru zrxog idfh lq d vhwwlqj zlwk {hg doorfdwlrq ri wudqvplvvlrq fdsdflw|/ wkh vljq ri
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